
A Multi-Objective Linear Program for Nutrition

From CU Denver Optimization Student Wiki

A Multi-Objective Linear Programs is a linear program with more than one objective function. This linear program solves how to minimize cost (based on the dollar value of

meals) and maximize profit (based on the grams of protein) while meeting specific requirements for both the consumer and supplier. This multi-objective linear program will

ultimately be developed by combining the separate objectives.
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Dictionary of Variables

xj

βj

μj

cj

aij

ζi

ηi

pj

γ

∈ (0, 1]λ1

∈ (0, 1]λ2

number of  meal type j purchased in a week

minimum number of  meal type j purchased in a week

maximum number of  meal type j purchased in a week

cost of  meal type j

amount of  nutrient type i in meal j

minimum number of  nutrient type i needed in a week

maximum number of  nutrient type i needed in a week

amount of  protein in meal j

the maximum number of  meals made in a week

scalar weight of  minimize cost objective

scalar weight of  maximize profit objective
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Meal Codes

Objective Function 1: Minimize Cost

The nutritional data to minimize the cost of a weeks worth of meals was designed for a 45 year old, 6ft male, with a starting weight of 175 pounds. With a Basal Metabolic

Rage of 1765 calories per day and expected expenditure of 1500 calorie from exercise, it is prescribed that the consumer has a minimum weekly nutritional intake ( ) of the

following: 12355 calories, 1239 grams of protein, 1393 grams of carbohydrates, and 203 grams of fat. To promote variety in the diet, each meal must be consumed at least

once and may not be consumed more than 5 times (i.e. ). Based on the cost and nutritional information of each of the meals, the objective

function can be written as:

SP

SDN

TC

PAS

OEB

SCS

TMC

OAT

BP

BSC

CT

TML

Shrimp Paella

Spicy Dan Noodles

Turkey Chili with Beans

Supreme Pasta

Over Easy Burger

Sweet Chili Glazed Salmon

Tex Mex Chicken Bowl

ABJ  Oatmeal Bowl

B.  Platter

Buffalo Style Chicken Bowl

Chicken Teriyaki with Rice

Turkey Meat Loaf

ζi

1 = ≤   ≤   = 5βj xj μj
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Interpretation of Results

The optimal solution is $354, which can be interpreted as the minimum cost to buy a weeks worth of food while meeting all nutritional requirements and sufficiently varying

the meals. The meals that were least expensive but had lots of nutritional benefit were purchased were purchased in higher quantities. The following diet is optimal number of

each meal that should be purchased:

It is important to note that B. Platter (BP), Over-Easy Burger (OEB), Shrimp Paella (SP), and Tex-Mex Chicken Bowl (TMC) have the least nutritional benefits for this diet per

dollar.

min

s. t.
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Objective Function 2: Maximize Profit

The definition of profit in this model is to sell as much protein as possible. Each meal may only be made 5 (i.e. ) times to promote variety, and

only 50 meals may be made in a given week (i.e. ) . The objective function for this model can be written as:

Interpretation of Results

The optimal solution is 1325 grams of protein. The results of this objective function are intuitive -- make 5 of the meal with the most protein and then move on the to the meal

with the next most protein. The following is the optimal number of each meal that should be purchased:

It is important to note that Spicy Dan Noodles (SDN) and Chicken Teriyaki (CT) have the least amount of protein, so neither were made. It is preferred to make 5 of each of

the other 10 meals.

0 = ≤   ≤   = 5βj xj μj
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Multi-Objective Function: The Difference of Minimizing Cost and Maximizing Profit

Combining the two previous objective functions to create the multi-objective linear program entails using the same data as from the single objective functions and writing one

minimization objective function. Since previously the objective was to maximize profit, I can achieve this by subtracting the maximization of the profit from the minimization

of cost. Utilizing  and  to weight each of the objective functions, the multi-objective function can therefore be written as:

Interpretation of Results

The interpretation of the multi-objective optimal solution is difficult since units of the minimization of cost objective function (dollars) is different than units of the

maximization of profits objective function (grams of protein). The value of the objective function is of little significance. It is more important to examine how many of each

meal satisfies the multi-objective function. Below are 3 cases where each separate objective function is weighted:

Case 1 ( )

The optimal solution is -868.06. When each part of the mutli-objective function receives equal weight, maximizing grams of protein is greater than minimizing dollars, which

results in a negative optimal solution. The following is the optimal number of each meal that should be purchased:

λ1 λ2

min

s. t.

( ⋅ − ⋅ ) ⋅λ1 ∑
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m

cj λ2 ∑
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Case 2 ( )

The optimal solution is 344.68. When significantly more weight is given to the minimization of cost objective function, the resulting optimal solution becomes positive. Again,

it is important to examine how many of each meal should be purchased to achieve the optimal solution:

Case 3 ( )

The optimal solution is 167.72. Even though less weight was given to the minimization of cost objective function compared to Case 2, the optimal solution decreased but
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remained positive. It is interesting to note that although the optimal solution was lower in Case 3 than Case 2, the number of each meal that should be purchase to achieve the

optimal solution is the same as in Case 2:
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A Wheelie Good Time: Safe Biking in Denver

From CU Denver Optimization Student Wiki

Hello and welcome to Angela Morrison and Weston Grewe's project page for A Wheelie Good Time: Safe Biking in Denver. Please read about our project below. You can find relevant code, slides, and

more graphics in our GitHub repository (https://github.com/DillWithIt77/D2P_Spring_2022). Also, you can click on our names to find out more about us and other projects we have worked on.
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Abstract

Denver has always been a car-centric city, but with the rise of global warming more environmentally-friendly forms of transportation are required. However, Denver streets are not safe enough for most

to feel comfortable biking; 60% of Denver residents report being “interested, but concerned” about commuting by bike, only 4% feel “highly confident.” Thus, there is ample room for growth if streets

were safer. In 2016, The Department of Transportation and Infrastructure (DOTI) of Denver introduced the Denver Moves: Bicycles Program, which is dedicated to building 125 miles of bike lanes by

2024. With 74 miles already completed, a natural question is “Will this be enough to move Denver towards eco-friendly transportation?” The COVID-19 pandemic has reshaped some parts of the city to

accommodate outdoor dining and activities, proving that Denver is ready and willing to take back some roads from motor vehicles.

It is not sufficient to just build more lanes; Denver should prioritize building lanes that can benefit the most people and extend or connect existing routes. We analyze the shortest paths bikers may safely

take (restricting the distance allowed on shared roads and unprotected bike lanes) to key points in Denver (Auraria Campus, City Park, DU, Five Points, 16th St Mall) to understand where (protected)

bike lanes can significantly improve a rider’s commute. After accessing these results, we then suggest several locations that the DOTI should either build lanes or upgrade current lanes to protected bike

lanes to incentivize eco-friendly commuting while also decreasing travel times between key locations. This is done to ensure the DOTI are getting the most bikes for their lanes from the Denver Moves

project.

Project

The Department of Transportation and Infrastructure (DOTI) for the City of Denver is invested in encouraging more eco-friendly modes of transportation, i.e. bikes, e-bikes, scooters, busses, and light

rail. In 2016, the DOTI [1] found that 60% of Denver residents are interested but concerned in commuting by bike, compared to the only 4% who feel highly confident. It is not just residents'

presumption that biking is dangerous. The data bears it out and in particular, 45% of bicycle crashes in Denver [2] occurred from a car veering into a rider in a lane. More protected bike lanes would save
lives. Thus, the Denver Moves: Bicycle Program was born. This initiative is dedicated to building 125 miles of bike lanes in Denver by 2024. Roughly 74 miles have already been completed.Typesetting math: 100%
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Distance is not the only factor when it comes to commuting. Road and path type are also important. Most would prefer a 5 mile commute primarily on the Cherry Creek Trail to a 2 mile commute

through busy roads. There is a hierarchy of roads that cyclists prefer to ride on, and it is not surprising the least to most preferred types are: shared roads, unprotected bike lanes, protected bike lanes,

neighborhood bikeways, and paved shared use paths. As a clarification, shared roads are roads that cyclists share with cars, shared use paths are paths that cyclists share with pedestrians, and

neighborhood bikeways are paths shared with pedestrians that occasionally cross neighborhood streets.

One way to encourage more residents to commute to work is to develop a bike infrastructure that allows commuters to stay primarily on road types they are comfortable with (protected bike lanes and

shared use paths). We analyze shortest paths and compare them to paths that restrict the amount of time that is allowed to be spent on less preferred road types (unprotected bike lanes and shared

roadways). For this project, we look at 5 destinations in Denver: Auraria Campus (specifically Student Commons Building), Union Station, Five Points (specifically Denver Central Market), City Park,

and University of Denver. These locations were chosen since many people work in these areas and all five have limited parking, making they are ideal places to bike to instead of drive.

Simply building more bike lanes is not the only way to encourage people to ride. This year (2022) Colorado has introduced two major policies to encourage bicycle commuting. The first is making the

Idaho Stop (Safety Stop) legal for cyclists [3]. That is, cyclists may treat stop signs as yield signs and red lights as stop signs. This is a counterintuitive policy, first introduced in Idaho (hence the name),

that greatly reduces bicycle accidents, especially those caused from drivers turning into cyclists at a light. The second policy is $400 grant ($1200 for low-income) for residents to purchase an e-bike [4].

The e-bike has been a major development in making cycling accessible, their ability to hold speed can make a 5 mile ride along a path essentially painless. With these developments, Denver is entering a

critical period when it comes to bicycle commuting. The city needs to be sure it has adequate infrastructure.

Data Cleaning

We began with a collection of LineStrings and MultiLineStrings representing bikeable roads in Denver. Each record also contained the type of road and its name. In order to transform this file to make it

compatible for the work that needed to be done in R, the MultiLineStrings needed to be broken up into individual LineStrings. This was done in python using the explosion function for GeoPandas Data

Frames [5]. With this done, we could move onto the cleaning that needed to be done in R.

To transform this into a network that we can perform our analysis on, we used R and the sfNetworks package [6]. The package sfNetworks has functions that easily clean up a network. The first thing we

did was round the lat/long coordinates of our data to five decimal points. This resolved an issue of our network being very disconnected. For example, we had edges that look like  and 

where points  and  are across the street from each other.  and  should really be the same point, otherwise our network is disconnected at that point, rounding the lat/long solves this problem.

Our network also lacked intersections of paths, using sfNetworks subdivision tool we were able to account for this. After this, we took the largest connected component as nodes in the other connected

components cannot reach the points in our network. The subdivision feature is not perfect and introduced some redundant nodes. The last bit of cleaning removed these nodes. With our network cleaned

up a bit, we could calculate the information needed to ready out data for the algorithms.

With R having cleaned up the network, the last bit of information needed was the distance of each edge in the network. This was done by importing the network back into Python and computing the

distance in meters for each edge. Finally, we exported the edges with their distances and the nodes as a CSV file and performed our analysis in Python. Check out our data cleaning here

(https://github.com/DillWithIt77/D2P_Spring_2022/tree/main/Data%20Cleaning%20and%20Plotting)!.

Algorithms

We analyzed our network using two algorithms and compared the results. The first algorithm we used was the shortest path algorithm. We computed shortest paths from all nodes in our network to our 5

desired locations detailed above. For the implementation, we used label-correcting to find the shortest paths. More detail can be found in our GitHub repository

(https://github.com/DillWithIt77/D2P_Spring_2022).

The second algorithm we used is a cost-constrained shortest path algorithm, a detailed explanation can be found in Chapter 3 of Network Flows by Ahuja, Magnanti, and Orlin [7]. Essentially, given a

cost  we compute the shortest path from a source node to the target node that does not exceed . For this project, we interpret  as a safety factor and find paths that do not exceed this safety factor. To

initialize safety factors on each edge , we multiply the length of the edge (in miles) to a predetermined number [8] indicating risk and assign that value as  for that edge. The algorithm is

essentially a dynamic program that computes runs in . Since our chosen values of  are small (10 and 20), the program still runs quickly, about 5 seconds. Again, more detail can be found in

our GitHub repository (https://github.com/DillWithIt77/D2P_Spring_2022).
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Heatmap of Denver Bike Routes. Dark blue is least used, red is most

used.

Map of Denver Bike Routes. Blue-Shared Path, Green-Neighborhood

Byway, Light Orange-Shared Roadway, Dark Orange-Unprotected

Bike Lane, Pink-Protected Bike Lane

Results

Our results can be broken down into 3 categories: frequency (how often paths are used), feasibility (where can we ride in Denver), and burden (how much harder is it to ride safely).

Frequency

Using only the results from the shortest paths, we can discover which roads are most frequently used. Doing so, we found that 8 of the 20 most used edges in the network are shared roads or unprotected

bike lanes. By frequency alone, these 8 edges should be upgraded (if possible) to a protected bike lane. The graphics below are a heat map (left) of the most used roads and a graphic of the type of path

(right) for each edge in the network. In the heat map, the brighter the color (the more red it is) the more frequently that edge is used in the shortest paths computed for each desired location. For the type

of path, blue are for shared use paths, green for neighborhood byways, yellow for shared roadways, orange for unprotected bike lanes, and finally pink for protected bike lanes.

While there are 8 edges of the top 20 that are shared roadways or unprotected bike lanes, these do not necessarily correspond to 8 individual roads. Due to the cleaning methods in the network, there are

some streets that were subdivided, cause some repeats in the street names. This means that there are only about 4 actual roads that could be upgraded. they are listed in the table below.
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Street From To

Emerson 1st Ave Louisiana

Louisiana Logan Franklin

Franklin Buchtel Dartmouth

Iliff University Humboldt

Feasibility

The following figures are visualizations of points that can actually reach one of our desired locations. The cautious rider (left) will only spend as much as 2 miles on a shared road or 3 miles on an

unprotected bike lane. The more adventurous cyclist (right) doubles these values. We see that the cautious cyclist cannot access much of Denver. Even the adventurous cyclist cannot access all of

Denver. In the graphic for the adventurous cyclist, we see a "dead zone" in northeast Denver, this represents the Park Hill and Central Park neighborhoods. We recommend building more paths in these

neighborhoods to boost accessibility.
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In both maps, we can see that feasible nodes are clustered around Denver's Cherry Creek Trail, Highline Canal Trail, and Platte River Trail. These trails are major infrastructure that make biking in

Denver a joy. However, those who live far away from one of these trails cannot safely ride in most of Denver. We recommend building more protected lanes that can connect cyclists to these trails. More

so, there is an inequity here. Many of Denver's richest neighborhoods (Washington Park, LoHi, RiNo, LoDo, Cherry Creek, etc) are adjacent to one of these paths. Building more protected bike lanes

would make biking safer for marginalized and less-privileged communities.

Burden

Lack of safe biking infrastructure can cause cyclists to take longer routes than might be necessary. A casual cyclist riding to work may only ride at a 7mph pace as they are likely not riding a road bike

and not trying to work up a sweat. With this in mind, adding an extra 1 or 2 miles to a commute can add 10 to 20 minutes of riding, a significant burden on the rider. The plots below give a visualization

of a path an adventurous cyclist would take within their level of safety (the blue route), the red lines indicate where the shortest path would divert them. In the most extreme example, we see that when

riding from Sloan's Lake to University of Denver, both the safe route and shortest route take the rider along the Cherry Creek Trail until Washington Park. The shortest route then takes the rider off the

Cherry Creek Trail following Emerson to Buchtel to DU for an extra 3.5 miles of riding. The safe route on the other hand brings the rider another 6 miles along the Cherry Creek trail to the Highline

Canal Trail. The rider then rides the Highline Canal trail for more than 6 miles to arrive at DU. All in all, maintaining safety adds around 10 miles to the ride. At least the rider is safe.

Plots of Safest Shortest Path (Blue) compared to Shortest Path (Red).

5 Points City Park University of Denver

Another area of concern is downtown Denver. In the plot for 5 Points we see that riders are diverted around downtown instead of through downtown. If downtown had safer roads, riders could easily

ride through downtown. Thus, we recommend building a 2 protected bike lanes through downtown, one north/south, one east/west. We do not have a recommendation on the particular street, our heat

map indicates some good choices, but it may be in the best interest of the city to choose a street that will have a minimal impact on traffic.

Policy Recommendation

We found that bike infrastructure in Denver is insufficient. Many neighborhoods in the city lack access to safe routes to key points in the city. However, Denver does have an outstanding network of

routes consisting of shared paths and neighborhood trails. It should not be understated how important these routes are for bicycle commuting. Residents who live near these paths will find commuting

along these paths safe and enjoyable. We recommend building more routes that connect to these paths to expand a safe network of riding for more residents. Our analysis illustrated that a protected bike

lane connecting Washington Park to Buchtel Blvd would be beneficial. From an understanding of the geography of the University of Denver, it may be best to have this route extend to Evans Ave. This

route could be built on Downing or Franklin, but Franklin is the better candidate. South High School is on Franklin; a protected bike line would provide these high school students with a safer route.

Finally, we saw that City Park/Park Hill/Central Park all need better access. City Park itself is safe for riders, however, we recommend building a protected bike lane from City Park to downtown to

make cycling downtown safer in its own regard. Additionally, we recommend having a safe route from City Park to 5 Points. The route from City Park to 5 Points does more than just make biking safer.

Many young people live in City Park and drink in 5 Points. The addition of this route may cut down on drunk driving if more people who are drinking are biking instead of driving. (We recognize that
Typesetting math: 100%
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drinking and biking is still illegal, but we cannot deny that intoxicated bikers pose much less risk to residents than intoxicated drivers). As for particular routes to build, Michael Schmidt's, Evan

Shapiro's, and Em Gibbs's project: Finding Optimal Shared Streets in Denver from this year's D2P has some suggestions.

A Note on Southwest and Northeast Denver

We did not have strong recommendations on what to do in Southwest and Northeast Denver. This is an artifact of the desired locations we chose. As Auraria, Union Station, and 5 Points are all clustered

around North Central Denver many of our routes are biased in showing that routes in these areas are more important. However, in both Southwest and Northeast Denver, we can see that we likely need

more protected bike lanes are there are not many of them. More analysis would be needed to determine if this is actually the case.
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About me

Hi! My name is Abigail Nix and I am a second year PhD student at CU Denver. I am interested in discrete mathematics (and in particular

graph theory) and optimization.

Education

I received my Bachelor's in Mathematics at Middlebury College in May 2023.

Projects

In the spring of 2024, I worked on the project In-N-Out Of Kilter as part of the course on Combinatorial Optimization.

For the Applied Graph Theory course in Spring 2025, I worked with Ari Holcombe Pomerance on a project on Graph Coloring Variants.

GitHub

Github (https://github.com/abigail-nix)
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Acadia Larsen
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Acadia Larsen is currently a non-degree student at University of Colorado: Denver. Prior to this, he worked as a Denver Math Fellows at the Denver Institute for International

Studies at Montebello where he taught and tutored 9th grade math in small groups. Acadia earned his BA in mathematics at Whittier College in California where he was

awarded several fellowships for his work in math. When not working or in class, you can find him running, hiking, or bouldering.

Contributions: Convex Hull Finding Algorithms
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About Me

Hello there! My name is Alana Saragosa, and I am a first-year master's student at CU Denver. A few of my favorite things include watching all the new movies, eating at new

restaurants, and hanging out with my family.

Education

Metropolitan State University of Denver: B.S. in Mathematics

Projects

Fall 2023: I worked with Paul Guidas and Colin Furey on Emissions and Equality: Colorado Car Share Optimization a facility locations optimization project. Where the goal

was to bring cheap car access, via federally funded Colorado CarShare Non-profit, to targeted groups in Denver.
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About Me

Hello, my name is Alex Semyonov and I am currently pursuing a PhD in applied mathematics here at CU Denver. I received my B.S. in mathematics (with a minor in

neuroscience) from CU Denver in 2021. Currently, I am interested in probabilistic/statistical modeling as well as graph theory. Outside of mathematics, I enjoy freerunning

(this is similar to parkour but focuses on self-expression through movement as opposed to the efficiency of movement), mountaineering, and gaming.

Project

Clustering Neighborhoods in Order to Analyze Policy Needs

(http://math.ucdenver.edu/~sborgwardt/wiki/index.php/Clustering_Neighborhoods_in_Order_to_Analyze_Policy_Needs)

I am currently working on a project (alongside Jacob Dunham and Orlando Gonzalez) to try and identify the best neighborhood in Denver subject to various personal

constraints (finances, crime tolerance, etc.).

Graph Theory Project: [1] (https://math.ucdenver.edu/~sborgwardt/wiki/index.php/Counting_Eulerian_Cycles_in_Graphs)

Contact Info

Please contact me by email: alexander.semyonov@ucdenver.edu
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I am currently an applied math master's student at CU Denver. I got my bachelor's degree in math at Penn State University before moving to Colorado in 2016. I hope to use

my education to work in industry. In addition to being a student, I also work at Stack Subs and teach after school coding classes at a few elementary schools. I love to apply

math to my every day life, so for my final project I applied column generation to cutting loaves of bread at work.

Follow this link (http://math.ucdenver.edu/~sborgwardt/wiki/index.php/Applications_of_Column_Generation) to my application.
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Alfred P. Wahabby is a graduate student at the University of Colorado, Department of Mathematical and Statistical Sciences. My background is physics, engineering,

philosophy and English literature. My passion for mathematics was triggered when I was undergraduate in physics; the main topic in physics that intensified my desire to

commit to the math program was a general relativity summer course. I am a math teacher and I love my job. Ultimately I want to put to use the math I learn in the field of

physics although I may continue to be a teacher for life.

Brief History Of Linear Programming
The amazing Fourier, progenitor of linear systems
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About Me

I am a Ph.D. student at CU Denver, I have a bachelor's degree in mathematics from William Smith College in Geneva

New York and a Master's Degree from CU Denver. When not doing math I enjoy anything artistic, my apartment is

decorated with original pieces! My more recent artsy endeavors are mostly based around my niece. I have made fun

and nerdy onesies in the past and am trying to crochet things for her, but there is quite the learning curve. I have a

very spoiled cat who is frequently featured in my video feed during zoom classes or meetings (her name is Chloe, she

is not helping). My favorite TV show is and forever will be Futurama.

Projects

My current project is Circut Analysis of the Maximum Clique Problem. This project is for the topics in optimization course.I have previously

worked on the project What are multicommodity flows? working with Zane Showalter-Castorena, that project was for the network flows

course, Optimizing Highschool Graduation Rates working with Collin Powell and Zane Showalter-Castorena for the linear programming

course, and Return To School Success In Times of COVID, for the integer programming course.
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About Me

My name is Amanda Ward and I'm a second-year Master's student at CU Denver.

Projects

MATH 6404 Final Project (Spring 2025): van der Waerden's Theorem
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Amber Rosacker
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Hello! My name is Amber Rosacker. I am currently working on my Master's in Mathematics Education from CU Denver. I received my
Bachelor of Science in Mathematics Education from the University of Northern Colorado in 2014. I am a high school mathematics
teacher in a suburb of Denver. I love being a teacher, and I could not imagine doing anything else with my life.

Follow this link to view my project on Class Scheduling
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Amit Sengupta
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I am a second year PhD student in statistics at University of Colorado at Denver. I have obtained MS in statistics from Washington State University and have MS in computer

science as well. I have worked for Oracle Corp. at San Francisco Bay Area as a database software developer and have successfully taught computer science at colleges and

universities in the Bay Area. My publications in the area of efficient group communication algorithms in distributed systems have appeared in the leading international journal

and conference proceedings. My research interest lies at the intersection of statistics and algorithms.

Shortest Path Routing Algorithms Amortized Analysis
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Amortized Analysis
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My project involves amortized analysis using the aggregate method and potential method for the stack operations and incrementing a binary counter.

Abstract

Amortized analysis is used when most operations are fast but an occasional operation is slow. Time needed to do a sequence of operations is averaged over all operations. This

analysis involves no probability distribution and is not sensitive to a rare instance. The aggregate method and potential method for stack operations and incrementing a binary

counter are discussed here and improvement of the amortized cost of n operations over the worst case cost of  operations is demonstrated. Another application is operations

in hash table where most insert/or find operations require  time but an occasional insert or find can take  time due to collision.

Introduction

The goal of the analysis of an algorithm is to check how the running time of the algorithm scales with the size of the put. The analysis is classified into four categories: (a)

empirical analysis; (b) average case analysis; (c) worst case analysis, and (d) amortized analysis. The empirical analysis consists of writing a program for the algorithm and test

the performance of the algorithm on some problem instances. Its drawbacks are the following: (a) it is expensive and time consuming; (b) it depends on the computing

resources and programmer skills, and (c) it is often inconclusive. The idea of the average case analysis is to estimate the expected number of steps of the algorithm based on a

probability distribution. The average case analysis suffers from the following drawbacks: (a) analysis depends on the choice of the probability distribution; (b) analysis is

difficult, and (c) performance prediction depends on situations where you solved many problem instances. The worst case analysis gives an upper bound on the number of

steps the algorithm takes on an instance. The analysis offers the following benefits: (a) it is independent of the computing environment; (b) analysis is easier, and (c) it is

conclusive about comparing algorithms. But its limitation is that a rare instance can determine the performance of the algorithm. Amortized analysis is used when most

operations are fast but an occasional operation is slow. Time needed to do a sequence of operations is averaged over all operations. This analysis involves no probability

distribution and is not sensitive to a rare instance.

Aggregate Method

Consider a stack S (of size n) and these operations: (a) Push (S,x) pushes object  into stack S; (b) Pop (S) pops the top of the stack S and returns the object, and (c) Multipop

(S,k) pops  top objects of the stack S. Suppose we have a sequence of  Push, Pop, and Multipop operations. The worst case cost of a Multipop operation is  implying

that the worst case cost of any operation is  So the cost of a sequence of  operations is . We can obtain a better bound using the aggregate method. Each object

can be popped at most once for each time it is pushed. So the number of times Pop is called including calls in Multipop is at most the number of Push which is at most n.

Hence a sequence of n Push, Pop, and Multipop operations require  time implying that the amortized cost of one operation is , an improvement over . Let

us see how the aggregate method is useful in the case of incrementing a binary counter.

Increment algorithm is described in this way. Increment (A) {

   i=0;

   While ( i < length (A) and A[i]=1) {

                   A[i]=0;

n
O(1) O(n)

x
k n O(n)

O(n). n O( )n2

O(n) O(1) O(n)
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                     i=i+1;

      }

      If ( i < length(A) )

             A[i]=1;

} Notice that all increment operations in the worst case take  time if all  bits are 1. So  increment operations take  time in the worst case. But we can get a

better bound with the aggregate method. A[0] flips each time increment is called. A[1] flips every second time increment is called. A[2] flips every fourth time increment is

called.So the amortized cost of n increments  up to log⁡n terms) . Consequently, the amortized cost of one operation is

, an improvement over 

Potential Method

The potential method is defined as follows. Let  be the actual cost of the  operation and  is the data structure after the i-th operation. Let ∅ be the potential

function that maps  to a real number . Then the amortized cost of the i-th operation is given by  Consider the example of stack.

Define ∅ as the number of elements in the stack. Then the amortized cost of Push is  The amortized cost of Pop is 

Similarly, the amortized cost of Multipop  It follows that the amortized cost of n operations is O(n) and the amortized cost of one operation is  , an

improvement over O(n).

Consider the example of incrementing a binary counter. Define the potential as the number of 1s after the i-th operation, say . Let the i-th operation resets  bits. So the cost

of the i-th operation is  (1 for setting one bit). The number of 1s after the i-th operation is  So

 Therefore  The amortized cost of n

operations is  or equivalently, the amortized cost of one operation is , an improvement over 

Summary

Amortized analysis is used when most operations are fast but an occasional operation is slow. The aggregate method and potential method for stack operations and

incrementing a binary counter are discussed here and improvement of the amortized cost of n operations over the worst case cost of n operations is demonstrated. Another

application is operations in hash table where most insert/or find operations require  time but an occasional insert or find can take  time due to collision.

Reference

Thomas Cormen, Charles Leiserson, and Ronald Rivest, Introduction to Algorithms, MIT Press (1990).

Ravindra Ahuja, Thomas Magnenti, and James Orlin, Network Flows, MIT Press (1993)

Github link

https://github.com/amitsengupta1/amortized-analysis Amit Sengupta
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Amortized Time

From CU Denver Optimization Student Wiki

Amortized analysis is a technique for finding the time complexity of algorithms which gives a much tighter upper bound on the actual run time than worst-case analysis.

Contents

1 Motivation
2 Techniques
3 Examples

3.1 Dynamic Array
3.2 Fibonacci Heap

4 Applications

Motivation

Worst-case analysis can give horrible upper bounds on the running time of an algorithm. An iteration may, in the worst case, take a long time. For worst-case analysis, we

would assume every iteration takes a long time. However, this worst case does not happen very often (for instance, only once every  iterations). Amortized analysis is a

precise way to ``average out these worst-case scenarios to produce a more realistic upper bound on the running time of the algorithm. It is most applicable when there is a

data structure whose state is made ``better by the worst case step, so the worst case will not happen again for a long while after.

Techniques

Aggregate analysis calculates an upper bound, $T(n)$, on the running time of $n$ iterations, and returns $T(n)/n$ as the amortized running time.

The accounting method assigns an amortized cost to each step of the algorithm, which is different from the actual running time of that step. The idea is that steps which run

faster than their amortized cost will build up "credit" which can be spent on slower running steps later in the algorithm.

The potential method is a version of the accounting method where the accumulated credit is tracked by a function of the data structure called the potential function. The

amortized cost is the actual cost plus the change in the potential function.

2k
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Examples

Dynamic Array

An array is ordered data stored all in one block of memory. The array is dynamic when we expand the block of memory depending on how much data is being stored.

Consider a dynamic array with an initial block of memory of size 1 set aside for the array. As data is added to it, the size of the array will double if it is full. This requires a

new block of memory and the copying of all the data from the old block of memory to the new one.

Consider inserting  pieces of data into the dynamic array. In the worst case, an insert will require copying all of the data to a new block of memory, which will take 

time, where  is the number of elements currently in the array. Since there can be up to  elements in the array, this means each insert takes  time in the worst case.

Since there are  inserts, this takes  time according to worst-case analysis.

Notice that most insertions only require  time. The insertions which require  time occur relatively infrequently. In particular, after an insertion which requires

, the next  insertions will require only  time. These facts suggest that amortized analysis may be beneficial.

Let  be the potential function, where  is the number of elements currently in the array and  is the size of current block of memory set aside for the array.

Since, after the first insertion, the array is never less than half full, the potential is always nonnegative.

An insert into a non-full array takes 1 unit of actual time. The potential function will increase by 2, since  increases by 1 and  does not change. Therefore, the amortized

time for such an insert is 3 units. This is constant time.

An insert into a full array takes  units of actual time. Before the insert, , meaning the potential is . After copying (but before the insert), the new block of memory

has size , and there are still  pieces of data in it, so the potential is 0. After inserting, the number of elements currently in the array is , and so the potential is 2.

Therefore, the total change in potential is . This means that the amortized time for inserts of this type is  units. This is also constant

time.

From the above analysis, we see that any insert takes constant amortized time. Therefore,  inserts will take  amortized time. Looking at the actual run times of 

insertions to a dynamic array show that this is closer to the reality.

Fibonacci Heap

As part of Dijkstra's algorithm, a data structure known as a priority queue (https://en.wikipedia.org/wiki/Priority_queue) is needed. The most efficient implementation of a

priority queue known so far is a Fibonacci heap (https://en.wikipedia.org/wiki/Fibonacci_heap). This stores the data with key in a series of trees. Each tree maintains the heap

property (https://en.wikipedia.org/wiki/Heap_(data_structure)), which is that the key of the parent is less than or equal to the keys of the children. This ensures that the

minimum key occurs in the root of one of the trees. The heap also maintains the property that each non-root node can have at most one child cut from it. This is ensured by

marking non-root nodes when a child is cut from them. A pointer is maintained to the tree root with minimum key.

The basic operations in a Fibonacci heap are cut_child and combine_trees.

cut_child removes a node from its parent, making it the root of a new tree. If the parent is unmarked, it is marked. If the parent is marked, cut_child is performed on
it.

n O(k)
k n O(n)

n O( )n2

O(1) O(k)
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An example of a Fibonacci

heap. The blue nodes are

marked.

combine_trees roots of the same degree are combined into one tree by making the root with larger key the child of the other root. This is
continued until all trees have different degrees.

These basic operations are combined to create the priority queue operations:

Insert: Add the new node as its own tree.
Find-min: Return the node which the minimum pointer is pointing to.
Decrease-key: Decrease the key of the appropriate node. If its key is now smaller than the key of its parent, perform a cut_child operation
on it. (This may cause a cascade of cut_childs.)
Delete-min: Perform a cut_child on the children of the root with minimum key, then delete that root. Perform a combine_trees operation to
reduce the number of trees. Then search through the roots for the new minimum and update the minimum pointer.

Let the potential function be , where  is the number of trees in the heap, and  is the number of marked nodes. Using this, the

amortized time of the above operations can be determined.

Insert: Adding a new node as its own tree takes constant time, and increases the potential by one. Therefore, the amortized time for this operation is constant ( ).

Find-min: Returning the node pointed to takes constant time, and has no effect on the potential. Therefore, the amortized time for this operation is constant ( ).

Decrease-key: A single cut_child operation can, if there are several marked nodes, cause an arbitrarily long cascade of cut_child operations, and so take a long time.
Let  be the number of cut_child operations done during a certain decrease-key operation. Each cut_child creates a new tree, and so  such operations will increase

the potential by . However, all but the first node to which cut_child was applied were marked, decreasing the number of marked nodes by . The parent of the
last node cut_child was applied to was not marked, and now will be, increasing the number of marked nodes by one. In total, the number of marked nodes has
decreased by . This means the potential has decreased by . In total, the potential has changed by . Since  cut_child

operations take , as each individually takes constant time, the amortized time for this operation is .

Delete-min: Let  be the degree of the root with minimum key. It can be shown that . The first phase of this operation involves  cut_child

operations, which take  time and increase the potential by . Therefore, the amortized time for the first phase is . The second phase of this

operation involves a single combine_trees operation, which takes time proportional to the number of trees. It can be shown that the number of trees at the beginning of

the delete-min operation is , and so at the beginning of the second phase, the number of trees is . Therefore, the

combine_trees operation takes  time. At the end of the combine_trees operation, there are again  trees, and so the potential decreases by

. Therefore, the amortized time for the second phase is . The third phase invloves searching through the

 trees for the new minimum, and so takes  time and has no effect on the potential. This shows that the total amortized time for the delete-min

operation is .

Using a Fibonacci heap as the priority queue in Dijkstra's algorithm gives the best known strongly polynomial running time of , where  is the number of

nodes in the network, and  is the number of arcs.

Applications

Priority Queues/Heaps
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Heaps (https://en.wikipedia.org/wiki/Heap_(data_structure)) are the preferred way to implement priority queues (https://en.wikipedia.org/wiki/Priority_queue)

because of their good amortized running times. For comparison, the naive implementation of a priority queue has  worst-case time for insert and decrease-

key, but  for find-min, and delete-min.

Binary Heaps (https://en.wikipedia.org/wiki/Binary_heap) have  amortized time for find-min, and  amortized time for all other operations (insert,

delete-min, decrease-key). They are sometimes preferred over Fibonacci heaps because of their simplicity.

Fibonacci Heaps (https://en.wikipedia.org/wiki/Fibonacci_heap) have  amortized time for all operations except delete which takes  amortized

time. This is the best so far with exact heaps.

Soft Heaps (https://en.wikipedia.org/wiki/Soft_heap) have  amortized time for all operations, but "corrupt" a fraction of the priorities inserted. Specifically,

for a choosen  between 0 and , the soft heap corrupts  priorities, where  is the number of elements inserted so far.

Binary Search Trees (https://en.wikipedia.org/wiki/Binary_search_tree) have many different implementations, most of which have  amortized time for search,

insertions, and deletions. These are another possible way to implement priority queues.

Disjoint Sets (https://en.wikipedia.org/wiki/Disjoint-set_data_structure) (also known as Union Find), when implemented efficiently, has  amortized time for

union and find operations, where  is the inverse of the Ackermann function (https://en.wikipedia.org/wiki/Ackermann_function).
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Abstract

A coloring of the vertices of a graph  is called a proper vertex coloring of  if no two adjacent vertices get the same color. The chromatic number of , denoted , is

the fewest number of colors that give a proper vertex coloring of . Finding  is an NP-hard problem. We consider two different integer linear programs to find .

The assignment linear program approach assigns colors to the vertices of  under the constraints of a proper coloring and then counts the number of colors used in total. The

set covering linear program instead minimizes the number of independent sets (that is, subsets of the vertices such that none of the vertices are adjacent to each other) that

cover the vertices of . We can then color each independent set a different color to form the proper coloring. This gives us the chromatic number of . We discuss the

benefits and downfalls of each program. In addition, we discuss the applications of these programs to solving a Sudoku puzzle, providing an alternative approach to methods

done in class previously.

Introduction to Graph Coloring

A graph is a set of vertices connected by edges. We can color the vertices of a graph  to form a vertex coloring of . A vertex coloring is considered a proper vertex

coloring when no two adjacent vertices are colored the same color. Here, we refer to a proper vertex coloring just as a proper coloring. The chromatic number of a graph ,

denoted  is the smallest number of colors needed to have a proper coloring.
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The number of colors used greatly depends on the

labeling of the vertices in a greedy coloring.

There are several known bounds on the chromatic number. There is the trivial bound , where  is the number

of vertices in . We can lower this bound with a bound based off the independence number, , which is the size of

the largest independent set in . An independent set is a set of vertices such that none of the vertices in the set are

adjacent to each other. Using the independence number, . Brooks' theorem is another upper bound on the

chromatic number. In this case, we can bound the chromatic number by the maximum degree :  unless

 is a complete graph or an odd cycle, in which case .

The greedy coloring algorithm is an approach to try to find a proper coloring of a graph. Then, from the proper coloring,

we can get the number of colors used for that coloring. For a graph , label the vertices  and for each

vertex in order, color it with the lowest color available. Greedy coloring can be done in linear time, but unfortunately does

not often use the lowest number of colors possible. There is always an ordering of the vertices that will produce an optimal

coloring, but there are  different orderings of the vertices. Consider a complete bipartite graph with the perfect matching

edges removed. Since this is a bipartite graph, only two colors are needed to properly color it. However, there is a labeling

that produces a coloring with  colors. Thus, greedy coloring isn't the best method to try to find the chromatic number. In

fact, finding  is NP-hard. We compare two linear programs that find the chromatic number of a graph -- an assignment linear program and a set covering linear program.

Applications of Graph Coloring

Having programs that find the chromatic number is useful due to the applications of graph coloring. For example, consider the situation of assigning radio frequencies. We

cannot assign the same frequency to radio stations that are too close together, otherwise there would be interference. If we create a vertex for each radio station, and connect

two vertices if the corresponding radio stations are two close together. Then, a proper coloring of the graph would give an assignment of radio frequencies to the stations. The

chromatic number would be the smallest number of frequencies needed.

We can also consider a scenario when zookeepers are trying to put different animals into enclosures. Perhaps they are trying to minimize the number of enclosures needed due

to cost. A vertex is created for each animal, and two vertices are adjacent if the corresponding animals can not be in the same enclosure. A proper coloring is an assignment of

the animals to enclosures, and the chromatic number gives the smallest number of enclosures needed.

Resource allocation is also an application of graph coloring. We can create a vertex for each task that needs to be done and draw an edge between the two vertices if the two

tasks share a resource (and thus cannot be done simultaneously). A proper coloring of the task graph ensures that no two tasks that share a resource are done at the same time.

The chromatic number would give the most efficient way to perform the tasks simultaneously.

Graph coloring can also be used to create Sudoku puzzle solvers, which will be done later.

Assignment Linear Program

The assignment linear program assigns a color to every vertex and ensures that adjacent vertices are not assigned the same color. In minimizing the number of colors used, this

linear program finds the chromatic number for a graph.
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With , if vertex v is assigned color i and  otherwise, and  is

color i is used and  otherwise. The number H is the largest number of colors

possibly needed which would be the number of vertices for a particular graph.

The downfalls of this program is the exponentially many equivalent solutions as well as

there being no continuous relaxation to this program. Thus it remains an NP-hard problem.

Running this program on a selection of different graphs provides the following results:

Peterson Graph -- Run Time: 0.102745 s
70 Vertices Path Graph--Run Time: 0.606761 s
140 Vertices Path Graph--Run Time: 2.16679 s
200 Vertices Path Graph--Run Time: 7.1204 s
60 Vertices Crown Graph -- Run Time: 19.8884 s
Mycielski Graph of Order 6 -- Run Time: 338.305 s

As one can see, increasing the number of vertices and edges does increase the run time for graph, in comparison to similar structured graphs with less vertices, but having a lot

of vertices and edges does not inherently make the program run longer. The longest running graph has less vertices and edges than the 60 vertices crown graph but due to more

complicated structures of the graph itself it caused the program to take over 5 minutes to find the chromatic number versus 19s for the 60 vertices semi-complete bipartite

graph.

Set Covering Linear Program

The set covering linear program assigns a minimal independent set vertex covering of a graph. An independent set is a set of vertices that are not pairwise adjacent. Thus

searching for a minimal independent set vertex covering results in the chromatic number of the graph. By assigning each independent set a color, this results in a proper vertex

coloring since all vertices in the set are not adjacent and therefore no two adjacent vertices would be assigned the same color. Looking for the least amount of independent sets

to cover all the vertices thus results in the smallest number of colors needed.

The downfalls of this program are the exponential number of variables. For example, the Peterson graph

with 10 vertices and 15 edges has more than 50 independent sets. Finding all of the independent sets is also

not straightforward and could be room for error since the user has to come up with all the independent sets

of the graph and is not simply given them like they are with vertices and edges. Our original hope was to

compare the run times of the two programs but even in our simplest example (the Peterson graph) finding

all the independent sets proved challenging. Thus the set covering linear program offers another alternative

for finding the chromatic number of the graph but in actuality is not very practical.

Extension to a Sudoku Model

The first step in extending the assignment linear program to solving a Sudoku puzzle is to translate the Sudoku grid into a graph. We construct a vertex for every square in the

grid. We connect two vertices if and only if the corresponding squares on the Sudoku grid are in the same row, column, or subgrid. Here, for an easier calculation, we use a 4x4

Sudoku board. The graphs become large quite quickly as the size of the Sudoku grid increases. A 4x4 grid contains 16 vertices and 56 edges. A proper coloring with 4 colors of

= 1xv,i = 0xv,i = 1wi

= 0wi
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The labeling of the 4x4 Sudoku

grid.

The corresponding graph to the 4x4 Sudoku grid.

this graph would be a solution to the Sudoku puzzle. The next step in extending the

assignment linear program to solving this Sudoku puzzle is to be able to account for

the squares that are already filled in. These pre-filled squares correspond to pre-colored

vertices. In our program, we will need to account for these vertices. Then, having the

linear program find the coloring will be analogous to a solution to the puzzle.

Consider the 4x4 Sudoku puzzle. We label each square in the Sudoku grid as in the

image on the left. With each vertex being labelled as such, we can input the set of

edges into the assignment linear program as before. We also need to input the pre-filled

squares. We simply create a set that we fill with the pre-assignment of colors. Then, a

constraint is added to set  if vertex  gets color  in the pre-coloring. The

assignment linear program will then extend the pre-coloring to a full 4-coloring, which

corresponds to a solution.

Links to Code

The AMPL code for the assignment integer linear program and the Peterson, Path, Crown Graph and Mycielski Graph of Order 6 is located at:

https://github.com/duffme/graphcoloringLP/

The AMPL code for the extension of the assignment integer linear program to a Sudoku solver is located at:

https://github.com/rebrobin/sudokugraphcoloring/

Presentation

Our presentation slides can be found at:

https://github.com/rebrobin/presentation/blob/master/An%20Integer%20Linear%20Programming%20Approach%20to%20Graph%20Coloring.pdf
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Minimum Spanning Trees

A spanning tree of a graph  is defined to be a subgraph  that is a tree which spans every vertex in . Further, the edge set of a minimum spanning tree includes the edges
of minimal weight such that the definition of a spanning tree is satisfied.

The goal of Dijkstra's algorithm is to return a minimum spanning tree for any graph .

Outlining Dijkstra's Algorithm

Let  be a graph such that each , has some weight , and each  has weight . Setting the weight to infinity ensures that we
will not select a non-existing edge to be in our minimum spanning tree.

Input: A weighted, connected, undirected graph  whose edge weights are non-negative; a source vertex .

Output: A spanning tree  (also known as the "Dijkstra Tree") of , rooted at vertex  such that

G T G

G

G = (V , E) uv ∈ E w(uv) uv ∉ E w(uv) = ∞

G u ∈ V (G)

T G u
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1. The unique path from  to each vertex  in  is a shortest path from  to  in , and
2. The vertex labeling gives the distance from  to each vertex.

Dijkstra( , )[1]:

initialize the Dijkstra tree  as the given source vertex 
initialize the set of vertices  in  as 

write label 0 on vertex : 

while 
for each vertex 

let 

add  to 
for each edge , 

let 

if 
return Dijkstra tree  and its vertex labels

return Dijkstra tree  and its vertex labels

Interesting applications

Finding a Shortest Path Route for People with Mobility Impairments

Lack of ramps impose a restriction on these routes. Streets with particularly bumpy sidewalks, stairs, etc. are known to have higher weights than those with smoother

sidewalks and ramps, for example. Arellano, et. al.[2] takes the node of the tree to be the starting point of the person, and look for the shortest path to the destination such that
edge weights are minimized. They implement Dijkstra's algorithm to reduce the time and effort for mobility-impaired people in the city of Quito. In the results, we see a
comparison the average travel time generated by the algorithm to the actual average travel time to reach the destination using this generated path. This second average was
found by having 45 participants who fit the population of interest execute the routes given by the algorithm.

Route Times -- Application and Test Comparative[2]

Route Average Time (Algorithm) Average Time (Experimental)

Plaza Grande 08:47:00 09:15:00

Circulo Militar 04:26:00 04:23:00

San Francisco 04:21:00 03:51:00

For the Plaza Grande neighborhood, the algorithm underestimated how long it took to actually travel the given paths, however for the other two neighborhoods, we saw a
decrease in the actual average time it takes to travel the paths, with San Franciso's paths seeing the greatest difference.

u z ∈ V (G) T u z G

u

G u

T u

S T {u}
u t(u) = 0

S ≠ V (G)
v ∉ S

t(v) = t(z)minz∉S

v S

vz z ∉ S

t(z) = min{t(z), t(v) + w(vz)}
t(z) = ∞

T

T
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Vehicle Routing Using Oil Consumption Based Weights

By implementing an appropriate route-planning algorithm, drivers save time in their journey, reduce oil consumption, and avoid congestion. This will in turn improve overall

energy efficiency in a world that is becoming increasingly more energy consumptive. The algorithm as presented by Zhang, et. al.[3] bases its oil consumption weights (OCW)
on distance, speed, driving time, idling time, driving oil consumption, and idling oil consumption. Zhang, et. al. performs a simulation-based experiment on both a Dijkstra's
algorithm with distance-based weights, and on one with OCWs. Their results show that compared to the algorithm that only considers distance, accounting for oil consumption
reduces ones' travel time significantly compared to using just distance. Furthermore, the actual travel time using OCW much better aligns with the theoretical time to reach a
destination.

Simulation Results and Comparison[3]

Simulation*
Theoretical

time, s
Actual time, s (Distance-based

Dijkstra Algorithm)
Oil consumption (Distance-based

Dijkstra Algorithm)
Actual time, s (OCW-
Dijkstra Algorithm)

Oil consumption (OCW-
Dijkstra Algorithm)

1 16.80 2044.80 750.34 42.17 57.53

2 29.93 405.93 178.53 46.37 63.70

3 17.39 99.39 55.07 19.19 28.19

4 35.99 435.99 196.86 55.17 58.41

5 118.00 118.00 115.23 118.00 115.23

6 184.43 409.41 184.43 74.99 101.32

*Details on which source and destination nodes are used is given in detail in paper.

For simulation 5, we see that the theoretical and both actual times are equal. This is due to the idling time being zero seconds in this particular simulation. Otherwise, there is a
strict improvement from one algorithm to the other.

Github

In the GitHub repository, one can find the slide deck used to present this information.
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Email (mailto:angela.morrison@ucdenver.edu)
Twitter (https://twitter.com/AngieM2630)
LinkedIn (https://www.linkedin.com/in/angela-morrison-9a80006a/)

Little Bit About Me

Hello all! My name is Angela Morrison, and I am a fourth-year in the Ph.D. program at CU Denver. My hobbies include video games, rollerblading, bowling, and doodling.

My office is 4216 in the Student Commons building if you ever want to stop by and chat.

Education

1. Albion College, B.A. in Mathematics with minors in Computer Science and Economics
2. Michigan State University, M.S. in Industrial Mathematics

Programming Languages/Experience

COBOL
CICS
FORTRAN
Java
Matlab
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Python
R
SPSS
SQL

Fun Facts

My favorite Pokemon is Jolteon
I am the oldest of 3 siblings (which makes me the coolest)
I'm left-handed, but do some activities like batting and throwing right-handed
Back when I was in shape, I was a national qualifier for Division 3 Indoor and Outdoor Track Field (in the pentathlon and heptathlon respectively)
Teaching is one of my biggest passions
My go-to song for karaoke is "Without Me" by Eminem (I mean it sort of has to be since I'm from Michigan.)
I hate coffee

Professional Things

Projects

In the fall of 2020 for Linear Programming, I worked with Weston Grewe on Creating Fair Voting Districts. In this project, we use a clustering algorithm to design voting

districts that are easy to understand and minimize the distance a voter has to travel to a polling location.

In the spring of 2021 for Integer Programming, I worked with Weston Grewe on Using Trees to Get Into College. For this project, we used data from Massachusetts public

schools to develop a decision tree to understand the most important features that lead to a student enrolling in college directly out of high school.

In the summer of 2021 as part of a readings course, I started the process of exploring a possible relationship between the simplex method and network simplex method in

Exploring the Network Simplex Method.

In the fall of 2021 as part of the Topics in Optimization, I worked with Weston Grewe (I know, what a shocker!) on The Circuit Less Travelled: A Path of Gentrification

Through Denver Neighborhoods. In this project we looked at the circuit walks that get us from one clustering of Denver neighborhoods to another. The neighborhood clusters

were determined based on a k-means clustering of attributes that one can associate with gentrification.

For the spring of 2022, Weston Grewe and I (take that Connor and Zach!), as part of the Network Flows course, worked on the project A Wheelie Good Time: Safe Biking in

Denver.
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Anne Kreeck

From CU Denver Optimization Student Wiki

About Me

My name is Anne Kreeck and I am a first-year master's student at University of Colorado - Denver. I moved to Denver in August of 2024 following 7 years in Montana and

have found it to be quite the adventure living in such a big city!

Education

Montana State University: B.S. in Mathematics - Applied Mathematics Option

Projects

Spring 2025: Exploring the Blossom Algorithm, a look at the blossom algorithm for my final project in MATH 6404 - Graph Theory.
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Overview

Column generation is a useful method for solving linear programs with a large number of variables. Consider the cutting stock problem: Given rolls of a certain length and

demand for rolls of shorter lengths, in what way can we cut the larger roles to satisfy the demand while minimizing waste? As the number of desired shorter lengths increases,

the number of possible patterns exponentially increases. This makes the cutting stock problem a perfect candidate for column generation.

Instead of considering each possible pattern explicitly, we can ignore variables with a non-negative reduced cost. In this way, we can narrow our search to variables that have a

negative reduced cost, i.e. the variables that decrease the total waste. This is done by splitting the problem into two problems. The master problem is the original problem but

with a reduced number of variables. The subproblem (also known as the knapsack problem) finds the variables with a negative reduced cost for the master problem to consider.

Application

Problem Description

As mentioned in my personal page (http://math.ucdenver.edu/~sborgwardt/wiki/index.php/Alexa_desautels), I work at a sandwich shop called Stack Subs. The wheat bread

that we buy comes in loaves approximately 28" long and the possible sandwich sizes are 4", 6", and 8". We sell around 1200 sandwiches a week, of which 75 are 4" long, 625

are 6",long and 500 are 8" long. If we create a set of patterns to cut the whole loaves, what set will minimize the number of whole loaves cut?

First, let's write this problem in canonical form:

min∑
i=1

n

xi
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Here,  is the number of loaves cut in the  pattern,  is the number of  length sandwiches cut in pattern , and  is the number of each size of sandwich demanded by

the customers. This problem can be solved using AMPL.

AMPL Code

The following is the code for the master problem:

[1]

 set WIDTHS;                   # set of widths to be cut

param orders {WIDTHS} > 0;    # number of each width to be cut

param nPAT integer >= 0;      # number of patterns

set PATTERNS = 1..nPAT;       # set of patterns

param roll_width >= 0;   # size of uncut rolls

param nbr {WIDTHS,PATTERNS} integer >= 0;

   check {j in PATTERNS}: 

      sum {i in WIDTHS} i * nbr[i,j] <= roll_width;

                            # defn of patterns: nbr[i,j] = number

                            # of rolls of width i in pattern j

var Cut {PATTERNS} integer >= 0;   # rolls cut using each pattern

minimize Number:                   # minimize total raw rolls cut

   sum {j in PATTERNS} Cut[j];   

subject to Fill {i in WIDTHS}:

   sum {j in PATTERNS} nbr[i,j] * Cut[j] >= orders[i]; 

In this portion of the model, we are minimizing the number of loaves cut. This is done by first checking that the length cut away from the loaf for each pattern does not exceed

the loaf size. Then our objective is to minimize the number of loaves cut while making sure to keep up with the number of orders for each sandwich size.

Now we will look at the code for the subproblem:

[1]

 param price {WIDTHS} default 0.0;

var Use {WIDTHS} integer >= 0;

s.t. ≥ , ∀j = 1, … ,m∑
i=1

n

aijxi dj

≥ 0xi

xi ith aij j i dj
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minimize Reduced_Cost:  

   1 - sum {i in WIDTHS} price[i] * Use[i];

subject to Width_Limit:  

   sum {i in WIDTHS} i * Use[i] <= roll_width; 

Here we are finding patterns that have a negative reduced cost and eliminating those that don't.

The main code in the run file is:

[1]

 let nPAT := 0;

for {i in WIDTHS} {

   let nPAT := nPAT + 1;

   let nbr[i,nPAT] := floor (roll_width/i);

   let {i2 in WIDTHS: i2 <> i} nbr[i2,nPAT] := 0;

}

repeat {

   solve Cutting_Opt;

   let {i in WIDTHS} price[i] := Fill[i].dual;

   solve Pattern_Gen;

   if Reduced_Cost < -0.00001 then {

      let nPAT := nPAT + 1;

      let {i in WIDTHS} nbr[i,nPAT] := Use[i];

   }

   else break;

}

display nbr, Cut; 

The first loop initializes the first patterns to use. It does this by dividing the length of a full loaf by each sandwich size and creating a pattern with that number for that size and

0 for every other size.

In the next loop, we alternate solving the master problem and the subproblem. When no patterns have a reduced cost of less than -0.00001, the loop breaks and the results are

displayed.

Results

The patterns that waste the least amount of bread are shown in the following table, along with how many times they are used to satisfy the demand:

Typesetting math: 100%



Pattern Number Used

7 4" cuts 6

4 6" cuts 0

3 8" cuts 2

2 6" cuts, 2 8" cuts 247

1 4" cut, 4 6" cuts 33

As shown, there are 5 patterns but the vast majority of the patterns we need to cut is 2 4" sandwiches and 2 6" sandwiches.

I experimented using this cut at work and discovered that the loaves are not made of a uniform size. Some loaves were a bit longer and resulted in more waste and others were

just short enough to only be able to make 3 sandwiches. I wanted to know if I would get different results if I varied the length of the loaves by 1". When I ran the code for 29",

I had the same results. However, I recieved different results for 27". The following table displays my results for the 27" loaves:

Pattern Number Used

6 4" cuts 0

4 6" cuts 0

3 8" cuts 55

5 4" cuts, 1 6" cuts 0

3 6" cut, 1 8" cuts 183

1 4" cut, 1 6" cut, 2 8" cuts 76

Many of these patterns have changed because of the shorter length and we now have 6 patterns instead of 5.

Looking Forward

I began to wonder if it would be possible to include a range of sizes in one model. There are several ways:

First, you can change the length of the loaves to a random variable between 27 and 29. You would need to generate a new variable for every iteration once you have initialized

the patterns in the run code. Another way of including a range of sizes would be to create a set of sizes (27, 28, and 29) and introduce a supply limit. This way we must use

loaves of all three sizes, not just 28" which would be optimal.

References
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Education Macalester College (B.A.)

Birth date 2001

Birth place Boston, United States

Ari Holcombe Pomerance

From CU Denver Optimization Student Wiki

Hello! My name is Ari, and I'm a PhD student in the math department at University of Colorado Denver. My research interests include

graph theory, optimization, and linear programming.

Projects

For the Applied Graph Theory course in Spring 2025, I worked with Abigail Nix on a project on Graph Coloring Variants.

External links

Github (https://github.com/aripom)

LinkedIn (https://www.linkedin.com/in/ari-holcombe-pomerance-4b146217a/)

NYT Mini Crossword Leaderboard (https://www.nytimes.com/puzzles/leaderboards/invite/9560a017-4c64-4a2e-9e3c-6cf69200b5c3)
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Abstract

The problem of matching disjoint sets of reservoirs for use in a Pumped Hydro Energy Storage system can be modeled as a network flow problem. Specifically; a bipartite

network assignment problem.

Context

Energy storage is a key requirement for the transition to wind and solar-based energy economy and still in the early stages of integration. Pumped Hydro Storage (PHS) is the

world's most widely adopted and economical form of utility-scale energy storage so finding ways to expand and improve this technology is a worthwhile endeavor.
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Figure 4: Pumped Hydro

Storage

While old hydropower paradigms made use of existing river systems to generate power, a new paradigm of "closed-system" hydropower hopes to search for more

environmentally-friendly reservoir sites away from existing rivers. A closed-system PHS site requires (at least) two reservoirs with enough vertical elevation difference to

generate sufficient power, but as little horizontal distance as possible to minimize construction costs. Comprehensive searches for appropriate PHS sites can span thousands of

square kilometers and are computationally expensive, so efficient search methods are of great interest.

A notable previous attempt of this comprehensive search by Bin Lu et. al.[1] has split the process into two parts; First, they performed a search

for applicable reservoirs, and second, found PHS units from the reservoirs. The first part of their process has been open-sourced and made

available for public use, while the second part has been left private. This project hopes to give a method for replicating the second part of this

process, making use of the previous researchers’ reservoir model outputs.

Potential Formulations

In attempting this, an algorithmic formulation must be decided on that offers the best possible discovery of suitable PHS sites given the

outputs of the reservoir model. Several considerations can help us arrive at this best option:

Matchings vs. Other Subgraphs

It is possible that an economic configuration of more than two reservoirs in a single PHS system exists and should be studied further. However, for this method it is assumed

that any individual PHS system must consist of exactly one upper and one lower reservoir for several reasons: First, the formulation behind a search for arbitrarily large

connections of reservoirs would be very complex and possibly computationally intractable. Additionally, the popular mode of existing PHS systems is by and large that of

exactly one upper and one lower reservoir. Lastly, providing this assumption allows us to model the comprehensive search for PHS sites as a search for matchings in a graph,

or a certain set of arcs that are node-disjoint. Because matching problems are more well-known and offer standard algorithmic approaches for solving, they help narrow down

our search for a robust algorithmic approach.

Optimal vs. all Matchings

One possible goal of PHS siting could be to discover all potential matchings between reservoirs and let individual developers choose from them based on their own cost

metrics and construction planning. From an algorithmic standpoint, this is essentially just generating a fully connected graph where each node is a reservoir and each arc

represents a potential PHS system.

However, optimization of these matches would allow for a more useful and succinct summary of the potential for hydropower, saving developer time and money. No matter

which cost metrics are applied and by whom, optimization will undoubtedly be used to increase the chances of successful deployment at some point, so a flexible framework

using an optimization approach could be useful. Considering the large optimization task that is still left for stakeholders, taking care of this problem early, and with prudence

could increase the chances for successful project completion.

Bipartite vs. General Matching

A maximum horizontal distance threshold between areas of suitable elevation difference was one of the criteria used in the reservoir model to delineate areas for upper and

lower reservoirs. It is not obvious that this distance threshold should be used to limit reservoirs matches, though; a match between very distant reservoirs could be viable if the

system's energy output was high enough to cover the construction costs. However, the assumption being used in this project will be that construction costs for a PHS systemTypesetting math: 100%
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grow in a complex way as distance between reservoirs exceeds the distance threshold, disqualifying it from consideration (ie. a maximum distance threshold will be used to

limit reservoir matches).

An interesting consequence of applying a maximum distance threshold on the reservoirs from the reservoir model is that it justifies the use of a bipartite network as the main

structure for the formulation. A reservoir can be an "upper" reservoir for a PHS match within the maximum distance threshold if and only if it lies within the scouted "upper"

reservoir area. The same is true for "lower" reservoirs and "lower" scouted areas. Thus, matches between any reservoirs that are within the maximum distance threshold must

consist of reservoirs that belong to both sets. A simple transformation shows that a matching of two “upper” reservoirs can be relabeled as a match of an “upper” and “lower”

reservoir (and the same is true for a match of two "lower" reservoirs).

Modeling the problem with a bipartite network has the added benefit of accessing various straightforward network flow algorithms meant for such a structure, narrowing our

problem yet again. Non-bipartite matching, while a tempting method for discovering optimal, arbitrarily distant PHS sites, is not as easily solved by network flows (or any

method) due to complications arising from negative cycles[2].

Weighted Bipartite Matching vs. Maximum Bipartite Matching

One major decision to make in the formulation is whether it is most important to discover as many PHS sites as possible (for further filtering and decision-making), or as

productive (in terms of energy storage) of PHS sites as possible. Due to the high construction and environmental costs of even a single hydropower plant, this project makes

the assumption that a set of optimally productive sites is best.

The choice of quality over quantity corresponds to the choice between maximum-weight matching formulation (classically, the Assignment problem) and a maximum

matching formulation. Maximum-weight matchings are generally considered harder problems to solve because they cannot be reduced to max-flow algorithms like their

counterpart, and must take arc costs into consideration[3]. Choosing this more difficult option follows the application goals more closely.

Choosing the weight metric to use in this maximum weight matching problem comes down to choosing the single metric that best captures the productiveness of a PHS

system. The maximizing qualities of PHS systems are their energy storage/generation capacity and their minimizing qualities are construction costs. A generalized notion of

PHS site productiveness can be expressed as  where  is the volume of the upper reservoir,  is the head height of the upper reservoir,  is the total water-rock ratio

(a common measure of construction cost for dams) of the reservoir match, and  is the horizontal distance between reservoirs in the match. Each of these items has the

potential to vary with each reservoir match.

Balanced vs. Unbalanced Assignment

So far, the problem of finding PHS sites can be formulated as a weighted bipartite, or Assignment problem, for which several efficient algorithms exist to solve. For example,

the successive shortest paths algorithm and the Hungarian algorithm are both designed to solve this problem. However, these algorithms work off of the assumption that the

bipartite graph is balanced (both sets of nodes are equal in size), which will often not be the case for sets of upper and lower reservoirs.

One option for taking advantage of the bipartite assignment methods is to transform the output of the reservoir model into a balanced bipartite graph by adding a number of

artificial nodes needed to make the two sets of equal size. Then, for each of these artificial nodes, create an arc to every node in the other set with  weight (the  weight

ensuring the optimal solution will not consider their connections[4]). This transformation increases the input size of the problem, so methods specifically designed for solving

unbalanced assignement problems may be more desirable.
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Assignment Representation

The result of all our assumptions on PHS system finding leaves us with a formulation of the most general class of network flow problems, Minimum-Cost Flows. Luckily,

many methods are known for tackling Minimum-Cost Flows. Minimum-Cost Flows come with several additional assumptions not covered above, however, such as the need

for integral arc costs, directed arcs, all nodes supply/demands sum to , an uncapacitated path between every pair of nodes, and that costs are non-negative. None of these

assumptions come with major implications for our PHS search when accounted for; PHS weights can easily be rounded and rescaled to be integral while keeping their ranking.

PHS weights are non-negative and reservoir demands are  by default. Transforming a PHS matching into a directed arc does not change its interpretation. And finally, arcs

are uncapacitated by default.

Network Representation

To represent the outputs from the reservoir model as a fitting bipartite network, a separate algorithm must be designed to calculate accurate horizontal and vertical distances

between the closest points of all upper and lower reservoirs (this being a computationally expensive task in its own right). Reservoir volume and water-rock ratio are attributed

to the reservoirs by the reservoir model. From there, the cost metric stated above will be calculated and placed as weights on arcs.

An intermediate network will be a bipartite network with all upper reservoirs on one layer and all lower reservoirs on the other. It will implement the transformation from an

unbalanced to a balanced network if necessary.

For implementation with most common min-cost flow algorithms, artificial source node and sink nodes will be added to the network where arcs emanate from the source node

to all nodes in  and from all nodes in  to the sink node.

Solution methods

Not only do network flow algorithms provide efficient ways to solve the Maximum-Weight Bipartite Assignment problem, but they offer time complexity speedups due to

their specialized structure.

“Simple” algorithms give straightforward approaches to the problem:

1. Successive Shortest Paths runs in  time.

2. Hungarian algorithm runs in  time.

More complex algorithms can give actual polynomial time bounds on the algorithm, being useful for worst-case algorithmic planning:

3. Network Simplex Algorithm  time.

4. Cost Scaling runs in  time.

The implementation of any of these methods could provide researchers with the final leg of a comprehensive search for PHS systems. A thorough comparison of these

methods' benefits and pitfalls including their experimental complexities should be performed.

0
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Conclusion

It is shown here that an automated framework for finding PHS sites given the actual outputs of a previous researcher's model is possible. Once each of the two parts of the

process (reservoir finding & reservoir matching) are analyzed for their theoretical and empirical complexities, researchers will have a powerful tool for assessing this

technology's potential for utility-scale power.

Link to GitHub page

Assignment of Pumped Hydro Storage Reservoirs Presentation (https://github.com/qjoel6398/Assignment-of-Pumped-Hydro-Storage-

Reservoirs/blob/master/ProjectPresentation.pdf)
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Burnside's Lemma

From CU Denver Optimization Student Wiki

Welcome to Grace Truong's project page on Burnside's Lemma!

Abstract/Brief Summary

How would one count the number of colorings a graph would have? Some would consider just saying that there are  ways to color a graph where  is the number of colors

and  is the number of objects being colored (whether they are edges or vertices). While this may be true, how do we factor in the fact that some of these graph colorings

could be equivalent to each other? How would we count the number of colorings a graph has when considering equivalent classes?

To clearly answer this problem, we would first need to define a few things. Firstly, a group is a set  together with a compositions law satisfying the four properties: identity,

inverse, closure, and associativity. We are going to have all permutations of the graph be a group. Next, we will define that two colorings are equivalent to each other when

there exists a permutation, , from our group  such that  turns one coloring into another. In other words, one coloring assigns to  the same color that the other

coloring assigns to . This means that to count the number of colorings a graph has when considering permutations would mean we would have to count the equivalence

classes.

A good way to do that is to introduce another concept, orbits. Considering  as a group of permutations on a set  now, the orbit of an object  is . This

implies that the orbits partition  and therefore any coloring that is in the same orbit is an equivalence relation. So all we need to do now is count the number of orbits to get

the number of distinct colorings.

We can count the orbits by summing the number taking  to each element of its orbit but this would count the orbits  times so we would need to divide by  to count it

once. This can be tedious so we introduce a lemma to make the computation simpler.

Lemma: If  is a group of permutations of , and  are in the same orbit, then 

Using this lemma we can get Burnside's lemma Under the action of a group  of permutations of , the number of orbits of  is , where  is the number of

elements of  left fixed by the action of  on .

GitHub Link

[1] (https://github.com/Grace-Truong/Burnside-s-Lemma) Can find my presentation slides in the GitHub.

Bibliography

Combinatorial Mathematics. 1st ed., Cambridge University Press, 2020. (Section 4.2, pages 179-180)
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Contributions

The Catalan Numbers are Rachel Snyder's final project for the spring 2025 Graph Theory class. I, Rachel, am the only one who worked on this project.

Introduction

The Catalan Numbers are a sequence of numbers defined by the formula . This means that the first 10 Catalan Numbers are= ( )Cn
1

n+1
2n
n
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As can be seen, these numbers grow increasingly quickly. The Catalan numbers can also be represented through the recursion

Applications

The major reason why we like to use the Catalan Numbers is because they are able to count the objects of over 200 different patterns. This allows us to create bijections

between these patterns and apply properties that belong to one to the other. The following are a few of my favorite applications

Sequences

One group of objects that the Catalan numbers count is the number of sequences of length  containing only 1s and -1s in which for all  the sum of the first 

entries is nonnegative and the sum of all  elements is 0. Many people often define the Catalan Numbers using this specific example.

This sequence is also sometimes represented using parentheses instead of numbers. In this case, a 1 is equivalent to an open parenthesis, and a -1 is equivalent to a closed

parenthesis. Since we are exploring parentheses rather than numbers, instead of requiring nonnegative sums of the first elements, in this version of the sequence, when

examining the elements from the beginning, we always must have at least as many open parentheses as we have closed parentheses. By the end of the sequence, there must be

the same number of open parentheses as closed ones. We can see that these are equivalent as the sum of our sequence of numbers is equal to 0 if and only if we have the same

number of 1s and -1s in our sequence. Further, for the sum of the first elements to be nonnegative, we must always have at least as many 1s as we had -1s.

Dyck Paths

Counting Dyck Paths is another application of the Catalan Numbers. Dyck paths are the set of paths that travel between integer Cartesian coordinates from point  to

point , that do not cross under the line . Once again, a simple bijection can be made between Dyck paths and the previously discussed sequences. Every time

there is a 1 in the sequence of -1s and 1s, have the path travel from point  to point  and every time there is a -1 in the sequence of -1s and 1s, have the path

C0

C1

C2

C3

C4

C5

C6

C7

C8

C9

= 1
= 1
= 2
= 5
= 14
= 42
= 132
= 429
= 1430
= 4862

= + +. . . + =Cn+1 C0Cn C1Cn−1 CnC0 ∑
i=0

n

CkCn−k

2n p ≤ 2n p
2n

(0, 0)
(n, n) y = x

(i, j) (i, j + 1)
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travel from point  to point . We know that our sequence of 1s and -1s is of length  and sums to zero, hence the path travels from  to .

Further, since for all , the sum of the first  elements is non-negative, our path never goes further right than it has gone up, therefore never crossing under the line

.

Catalan Number Proof

Using this interpretation, we will show that these three representations are truly counted by the Catalan number formula, using the proof from the thesis Enumerations of -

Permutations Avoiding a Given -Permutation by Rachel Snyder. Given a non-Dyck path, , construct a new path  such that  and  are identical until the first time

that  crosses the line . Once  crosses under the line  for first time, every decision made for the path  is the opposite of the decision made for the path .

To specify, if the line for  goes to the right, the line for  goes up, and if the line for  goes up, the line for  goes to the right. This would therefore be a flip of the

second part of  over the line .  would therefore be a path that goes from  to .

It is clear by construction that every path from  to , must cross over the line . By reversing the way we constructed our  graph from , we

can create a non-Dyck path transversing from  to  given any path from  to . Thus, there is a bijection between paths along a graph from

 to  and non-Dyck paths from  to .

We can see that there are  such paths since each path has  steps,  of which must be to the right. Thus, there are

 Dyck paths, proving that the Catalan numbers are .

Rooted Binary Trees

The Catalan Numbers also count the number rooted binary trees with  internal nodes. An internal node is a non-leaf node. This example is particularly interesting in

comparison with the others as we can prove this relation using the recurrence form of the Catalan Numbers. As our base cases, the only tree with 0 internal nodes is a single

vertex, and the tree with 1 internal node would look like an upside-down v. In building a tree with  internal nodes, the root node would be internal and for all , we can

create unique subtrees with  internal nodes on the left side and  internal nodes on the right. Putting these three subtrees together, since we have already determined our

root node and the sides of our other two subtrees, we have

options for rooted binary trees with  internal nodes where  is the number of rooted binary trees with  internal nodes.

Triangulating Polygons

Our final example is much more geometric than the others. In this example,  counts the number of ways you can turn an -gon into  triangles by adding 

straight lines between the vertices of the -gon without crossing them. For , the shape is already a triangle, so there is one way to triangulate it. There are 2

ways to triangulate a quadrilateral, as you simply have to choose one of the pairs of nonadjacent vertices. For larger polygons, you can start by drawing a single line between

(i, j) (i + 1, j) 2n (0, 0) (n, n)
p ≤ 2n p

y = x

n
k D D′ D D′

D x = y D y = x D′ D
D D′ D D′

D y = x − 1 D′ (0, 0) (n + 1, n − 1)

(0, 0) (n + 1, n − 1) y = x D′ D
(0, 0) (n, n) (0, 0) (n + 1, n − 1)

(0, 0) (n + 1, n − 1) (0, 0) (n, n)
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n
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two of the vertices. If these vertices have  vertices between them, this splits the polyogon into a -gon and an -gon. Thus, there are

ways to triangulate an -gon.

Github

The link for the github for this project is https://github.com/snyrache/Catalan-Numbers. It has my slides.
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I am currently a second-year graduate student at the University of Colorado Denver. My mathematical interests include Graph Theory, Combinatorics, and Optimization.

Denver is my hometown; I lived here my entire childhood and graduated from Denver Christian High School in 2011. I then attended Dordt College in Sioux Center, IA,

where I started out as an Engineering Major but quickly discovered that my primary interest was Mathematics. Critical thinking and problem solving are two of my strongest

passions. While studying Mathematics, I also developed an interest in programming and Computer Science. I aim to continue learning about the many ways computers can be

used to advance our mathematical abilities.

In 2015, I moved back to Denver to join Applied Mathematics graduate program at the University of Colorado Denver. I have learned a great amount as a member of this

program and hope to continue learning much more. Currently, I am taking an Integer Programming course in which my final project is to research various algorithms that can

be used to solve or approximate a classic combinatorial optimization problem known as the Knapsack Problem. More information about this project can be found on the

Knapsack Problem Algorithms page.
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I’m working on my master's degree at the University of Colorado Denver. Studying math is a passion of mine, not purely for math’s
sake but also as a chance to help people, a chance to bring together the community and, yes, because math is awesome. My ongoing
studies in Optimization incorporate a diversity of disciplines and is an enterprise I am most excited for.

During the weekends I manage a large liquor store and it’s here that I get to explore another passion of mine: beer! Craft beer to be
exact. I relish the opportunity of being a semi-professional beer geek in a culture as rich and extensive in craft beer as Colorado’s.
When I’m not working or in class, I’m volunteering at my local library for a program called the Homework Center where I tutor kids in
grades 3-12. I also enjoy reading and writing fiction, as well as studying the beautiful language of Portuguese.

Here are my contributions to the Optimization Wiki:
Lagrangian Duality
Lagrange Multipliers
Linear Programming Methods for Radiation Therapy Treatment Planning
Coordinating Response to Fatal Accidents
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Abstract

Circuit Walks and Stable Sets

This project considered the Maximum Stable Set Problem (maximum size of a set of vertices in a graph such that no two are adjacent) and the improvement upon the Greedy

Algorithm that Ballard made in 2019. This algorithm finds all of the maximal stable sets, then selects a largest one.

The goal of the project is to prove whether or not the algorithm performs a circuit walk within the polyhedron. The feasible space is a clearly defined polyhedron and considers

a sequence of feasible solutions. These conditions would suggest such a project can be completed successfully.

The maximal stable sets are found by considering all permutations of vertices, then greedily creating a maximal stable set by adding vertices, in order, when they are not

adjacent to any other vertex in the current set. For a graph with n vertices, the feasible space is  which contains the incidence vectors corresponding to the power set

of the vertex set. It is clear that this algorithm considers a sequence of feasible solutions.

The Project

We have chosen the Maximum Stable Set Problem. Currently, no known efficient algorithm exists to find the optimal solution. This algorithm is a complete enumeration of the

feasible space.

{0, 1}n
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The maximal sets constructed by the algorithm are done using circuit walks. More specifically, they are sign-compatible edge walks. A complete description of all circuits is

only speculated at this time.

The Problem - Maximum Stable Set

Input: A graph G(V,E)

Output: The number of vertices in a maximum stable set. A stable set of vertices is a set of vertices where no two are adjacent.

The Greedy Algorithm - Ballard 2019

Select a vertex  and add it to a set . Take the induced subgraph , where  is the set of  and all vertices adjacent to 

Select a vertex  and add it to . Take the induced subgraph , where  is the set of  and all vertices adjacent to 

Select a vertex  and add it to . Take the induced subgraph , where  is the set of  and all vertices adjacent to 

Continue until the induced subgraph is the null graph. Then  is a maximal stable set.

Return to beginning and repeat for  until all permutations of vertices have been exhausted. Then  contains all maximal stable sets.

It follows that the Maximum Stable Set of  has size max 

The Polytope - The Convex Hull of the Feasible Space

 (binary variables)

s.t.  for every 

The Result - Circuit Walks are Used

We can see that circuit walks are used by this algorithm to construct the maximal sets. More specifically, we can show that they are edge walks using sign-compatible circuits.

First, since a single vertex is always a stable set, the 's are always circuits for any arbitrary graph.

Next, since the maximal sets are constructed by adding single vertices at a time to a given stable set, the only steps used are these circuits.

v1 S1 G − N1 N1 v1 v1

v2 S1 G − −N1 N2 N2 v2 v2

v3 S1 G − − −N1 N2 N3 N3 v3 v3

S1

, , . . . ,S2 S3 Sk { , , . . . , }S1 S2 Sk

G ( , , . . . , )S1 S2 Sk

max∑
v∈V

xv

+ ≤ 1xi xj {i, j} ∈ E

xi
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Now, we can see that an empty graph on  vertices will correspond to a polytope that is an -dimensional hypercube. Such a structure has the property that all the edges

correspond to the addition or removal of a single vertex from a given stable set. A graph that has edges will correspond to a subset of the empty graph's feasible space, and thus

it's corresponding polytope is a subset of the -dimensional hypercube. But, it still retains the property that the removal or addition of a single vertex (assuming both sets are

feasible) will be an edge of the polytope. This is how we can see that not only circuit walks are used, but they are, more specifically, edge walks.

Next, since each of these steps consists of a vector with a single non-zero entry which is one, it is clear that all the steps consist of sign-compatible circuits.

Thus, we can see that the algorithm constructs these maximal stable sets by completing sign-compatible edge walks.

The Speculation - A Complete Characterization of Circuits

At this time, we speculate that for any natural number , there exists a graph that contains the non-zero circuit  where . The slides on the

github repository show all circuits for graphs on three vertices.

Project Author

Michael Burgher

Github Repository

https://github.com/MichaelBurgher/Circuit_Walks_and_Stable_Sets.git
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Abstract

The matching problem is one of the most fundamental graph theory problems, whose application reach out of its discipline. Typically, the goal for a matching problem is to

connect as many vertices as possible while ensuring that no vertex is incident to more than one edge. The minimum weight maximal matching is a matching that contains the

maximal number of possible edges in any matching for a graph, while having the least total weight for the matching.

The purpose of this project is to study whether a classical algorithm can be interpreted as a circuit walk. We will be examining Bloom’s algorithm, and the polytope of the

minimum weight maximal matching problem and use these findings to determine if Bloom’s algorithm performs a circuit walk over the polyhedron. The algorithm involves

looking for vertices in your matching that start odd cycles in your graph. By contracting our odd cycles we will study different M-augmenting paths formed in our smaller

graph.

Introduction

In order to determine if Bloom's Algorithm performs a circuit walk, it is important to first understand what a circuit is, and what a circuit walk is. The formal definition for a

circuit is:

Definition: The set of circuits  of a polyhedron  consists of all  normalized to coprime integer

components for which  is support-minimal over 

C(A,B) P = {x ∈ : Ax = b,Bx ≤ d}R
n g ∈ ker(A)∖{0}

Bg {Bx : x ∈ ker(A)∖{0}}.
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An algorithm can complete a circuit walk by traveling from one vertex of the polyhedron to another along a path which is parallel to an edge of the polyhedron in each step.

One of the goals for this project is to determine whether or not Bloom's algorithm forms such a walk. The definition of this algorithm can be found in the Overview of the

Algorithm section.

Problem Formulation

Let  be a complete graph. Let  be an edge that connects vertex  to vertex  and let  be the cost of including the edge in our matching. Finally, let  be a maximal

matching in . Then, the problem formulation for the minimum weight maximal matching is:

The goal for this problem is to return the matching that is both maximal, but whose total edge weights or minimal. The objective function for this problem returns the total cost

of a maximal matching. The first set of constraints ensures that each vertex is incident to at most one edge in the matching. The second set of constraints ensures that there are

enough edges in the matching so that it will be maximal. The last set of constraints ensures that each edge will be binary, or, each edge is either entirely included in the

matching, or it is not included at all. These constraints prevent fractional amounts of edges from being included in the matching.

Constraint Matrices

The matrix  is the constraint matrix that is associated with the set of equality constraints in the problem formulation. For our minimum weight maximal matching problem,

 is a node-arc incidence matrix. The generalization for this matrix  on a complete graph of any size  can be seen in Figure 1. The other matrix in our polyhedron, , is

associated with the inequality constraints of the problem formulation. These constraints are the first set of constraints, which is the node-arc incidence matrix, and the last set

of constraints, which is the identity matrix. For a given , the matrix  can be seen in Figure 2.

We now show that our recursive definition of  is correct by using induction.

Base Case: . The node-arc incidence matrix for  is  which can be seen in Figure 3. The node-arc incidence matrix for  is . By inspection this

case is true.

G xi,j i j wi,j M
G

minimize: ⋅∑
i,j

xi,j wi,j

such that   ≤ 1   ∀i ∈ G∑
j

xi,j

= 2|M |   ∀i, j ∈ G∑
i,j

xi,j

      ∈ {0, 1}  ∀i, j ∈ Gxi,j

A
A A k B

k Bk

Ak

n = 3 K3 A3 K2 = [11A2 ]T

Typesetting math: 100%



Figure 1: Constr. Matrix A

Figure 2: Constraint Matrix B

Figure 3: Constraint Matrix B

Induction step: Assume this is true for . We show this is true for  by first proving a different claim.

Claim 1:  is an induced subgraph of .

Proof of Claim: Let  be a complete graph with  vertices. Let  be any induced subgraph. Let  be vertices of . Since  is a

complete graph, there exist an edge between  and  in . Thus there exist that same edge in the induced subgraph . Since  are

arbitrary this works for any pair of vertices. Thus, there is an edge between any pair of vertices in , which implies that  is a complete

graph.

This claim also gives us the corollary that every incidence matrix of  will have the incidence matrix of  as a submatrix. This result

can be found in the lower right block of our matrix. The 1 block and the 0 block of our matrix is produced by taking our  graph and

adding a vertex  . In order to make the new graph  we add edges from all other vertices to  . We then relabel the edges in such a way

that all edges connected to  are . This creates the upper row of our matrix.

The lower left identity block is exists since each new edge that is added to  for  has to be attached to  and some other vector . If we

label our vertices in a way such that  is connected to both  and , then we will get the identity matrix for our lower left block. Thus,

we have showed this formulation is true for  which completes the proof.

For any vector to be circuit, they must also for them to be support minimal over . Fortunately, the  matrix for our constraints has an

identity on the bottom  rows. Therefore, if we have a set of circuits that are linearly independent, they will be support minimal over . In

order to fully characterize the integral circuits, we only need to find a basis of the kernel of .

We now show that the number of integral circuits, up to scalar multiplicity, is . This argument is based on the rank nullity theorem. Since the circuits exist in the

kernel of , and we can show that the rank of our matrix is  then we know the number of vectors in our kernel and therefore the number of circuits. Since A is a non

square matrix the . the number of vertices, k will always be our minimum value. So we know our rank will be at most k, and what we will argue

is that it will be k exactly. The first k-1 column vectors are linearly independent because that is just a 1 vector on top of the identity matrix. The kth column will also be

linearly independent. This is because it will always be of the form , but the only way to may the first coordinate a 0 and the second and third coordinate both be

nonzero would be to subtract  and . But that would make the second component a 1 and the third component a -1 which will not be of the form of . Thus

that kth vector will be linearly independent. So our rank is exactly k which makes our nullspace have dimension . Thus there are  circuits since for our

formulation every vector in the kernel is a circuit.

Characterization of Circuits

Since the constraint matrices for our problem have been established, we will use them to find the circuits for our problem. As previously mentioned, in order for a vector to be

a circuit, the vector  must exist in the kernel of  and be support minimal over . Due to the structure of , if we find a basis for the kernel of , we will find the

circuits for our problem. For any complete graph of size , there will be a basis with  vectors of the form  that exist in the kernel of .

3 ≤ k ≤ n − 1 k = n
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Figure 4: Constraint Matrix B

The remaining vectors in this basis follow a similar pattern. These remaining vectors can be seen in Figure 4.

What remains to be shown is that the characterization of circuits given in Figure 4 actually exists in the kernel of . For the sake of brevity,

we only show that the first  vectors in this characterization exist in the kernel of . The first  entries for each of the 

vectors will contain exactly 2 non-zero entries, one that is +1, and a one that is -1. Thus, for these  vectors, the product of each of these

vectors and the first row of  will be zero. For the next row of the matrix , the only non-zero entries that exist are in the next 

entries, and in the first entry of the row. The next  entries for each of the first  vectors  in our characterization will contain two

non-zero values, one that is +1, and one that is -1. Additionally, the first entry of each of these vectors is zero, so, for these rows of , the

product of  and  will be zero. In the remaining rows of , for any of the vectors  in the first  vectors in our characterization,

 where  is associated with the  vector in our characterization. The reason that

the entries  and  are the only non-zero values in  for these rows of  is that these are the only non-zero values that

occur in the same index for both of these rows of  and . In these cases,  and . Thus, for the remaining rows, the sum of the entries for  will be

zero. Therefore, each of the first  vectors in our characterization exist in the kernel of , and hence, are circuits of our problem.

Overview of Algorithm

We will be looking at two main algorithms. One is the Maximal Weight Matching Algorithm by Lovasz and Plummer. This will be the overarching algorithm that will find us

feasible solutions to our problem. The other algorithm will be the Blossom Algorithm by Jack Edmonds. This algorithm is going to be a subroutine of our Maximal Weight

Matching Algorithm. We will be focusing on determining if the Blossom Algorithm performs a circuit walk.

For Lovasz’s and Plummer’s algorithm we are going to start with a general graph with weighted edges. If that graph has an odd number of vertices we are going to add an

isolated vertex so that our graph will have an even number of vertices. This will help us in making a perfect matching. The next step in our algorithm is to connect all non-

adjacent vertices with an edge of weight zero. During this process it is important to not add any additional weight to our graph otherwise we would end up changing our initial

problem. We then extend all of our matchings to perfect matchings. This is possible because we have an even number of vertices. We then replace all of our positive weights

with there negative weight. This turns the problem into a minimum weight perfect matching problem. We then run our Blossom algorithm as a subroutine.

The Blossom Algorithm is an algorithm that involves contracting down cycles to find a M-augmenting path in our graph. We call a vertex exposed if no edge in our matching

is adjacent to that vertex. The algorithm starts at an exposed vertex and then traverses along the graph. Let's label our exposed vertex as an outer vertex “o”. The algorithm will

then alternate between labeling each vertex as an outer vertex or an inner vertex. The algorithm continues along our graph until two vertices are adjacent and both labeled with

as an outer vertex as can be seen in the figure below. If this happens, we have an odd cycle. Let's call this odd cycle a blossom. The algorithm will the contract our blossom and

then repeat the above process. Once all blossoms have been contract, the algorithm check to see if there exist an M-augmenting path in the new contracted graph. If there exist

no M-augmenting path in the new graph, then the algorithm has found a maximum matching.

Ak

k − 3 Ak k − 1 k − 3
k − 3

Ak Ak k − 2
k − 2 k − 3 v

Ak

Ak v Ak v k − 3
v = [0 ⋯ 0, 1 ⋅ , 0 ⋯ 0, 1 ⋅ , 0 ⋯ 0]Ak vk+i vi i i − 1

1 ⋅ vk+i 1 ⋅ vi vAk vAk

Ak v = 1vk+i = −1vi Ak

k − 3 Ak

Typesetting math: 100%

https://math.ucdenver.edu/~sborgwardt/wiki/index.php/File:FullChar.png
https://math.ucdenver.edu/~sborgwardt/wiki/index.php/File:FullChar.png


Figure 5: Matching after

applying Circuit

Figure 6: Matching after

applying Circuit

Circuit Walks

Now that we have established what the circuits for our formulation are, and how the algorithm which we are using on our problem actually works, we move into determining

whether our algorithm performs a circuit walk on our polyhedra. Let's analyze what we know step by step. The vertices of our polyhedra are maximal matchings by our

formulation of the matching polytope. Our algorithm takes a matching and preforms M-alternating paths to get rid of any M-augmenting path. Once we have no M-augmenting

path in our graph, we have found a maximal matching. Since we are working on a complete graph our algorithm will take us from a maximal matching of size M to another

maximal matching of size M. If we apply our circuit to a specific vertex we will go from one maximal matching (vertex) to another maximal matching (vertex). Thus, our

algorithm will have completed a circuit walk.

Let's look at a specific example. If we take , then our matrix  can be seen in Figure 5. The circuits are of our matrix are seen in Figure

6. Let's analyze . We start with a matching corresponded to the -1's in our circuits. We then remove those edges from our maximal

matching and add the edges corresponding to a 1. This gives us a new maximal matching. (Figures 7 and 8) Notice that in our circuits the

number of 1's and -1's are exactly the same. This is because for every edge we remove in our matching we must add in the same number of

edges back if we are to move from a maximal matching of size M to another maximal matching of size M. So, we have moved in a circuit

direction from one maximal matching (vertex) to another maximal matching (vertex). This is the definition of a circuit walk. It if important to

note that the -1's in our circuit won't necessarily be a maximal matching, but they equivalent to the edges that are removed during any step in

a circuit walk.

References And Powerpoint

You can access the powerpoint of our presentation here:

https://github.com/toadtoad44/Matching-Powerpoint/blob/main/The%20Circuits%20of%20Matchings%20(2).pptx

Steffen Borgwardt, Chase Viss. A polyhedral model for enumeration and optimization over the set of circuits. 2019, arXiv:1811.00444.
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Figure 7: Original Matching

Figure 8: Matching after

applying Circuit

Lovász, László, and Michael D. Plummer. Matching Theory, North-Holland, Amsterdam, 1986, pp. 357–382.

West, Douglas B. Graph Theory: Introduction to, Second Edition. Prentice Hall, 2001.
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Abstract

Circut Analysis of the Maximum Clique Problem. I am analyzing the greedy algorithm on the polytope of the maximum clique problem. The maximum clique problem is the

problem of trying to find the maximum clique, or complete subgraph, of any given graph. In the greedy algorithm, we move from a set of vertices of the graph that form a

clique and add any other vertex that maintains the set forming a clique. It is well known that the polytope for the maximal clique problem is defined by it's vertices which are

the incidence vectors of all cliques that appear in the graph. Combining what we know about the greedy algorithm and the V representation of the polytope it is clear that the

greedy algorithm walks between vertices in the polytope, what this project aims to answer is if this walk amongst vertices is a circuit walk of the polytope.

Background

Maximum Cliques

In graph theory, a clique for a graph  is a subset of vertices of the graph that are all connected, or otherwise that that collection of vertices form a complete graph. It is

standard to assume that a singleton point is a clique. For example, the graph below has many cliques including the set of vertices:  and more. For a graph 

a clique can be represented as an incidence or  vector that indicates if each vector is in the clique. For example the clique  will be represented as the incidence vector

G
456, 12, 345, 7 G
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. A maximum clique is the largest possible clique that is in any given graph, the size of the maximum clique of a graph  is often represented as .

For the graph above the maximum clique can be seen to be  or the incidence vector , so the graph has . The maximum clique

problem is the process of finding the maximum clique in a graph. However this problem is know to be NP-complete. Just the process of checking is a graph has a clique larger

than some given size is NP-complete.

A sample graph G

Polytope of the maximum clique problem

The problem of finding the maximum clique is a linear optimization problem and therefore the feasible set forms a polytope. The LP representation of the maximum clique

problem is

subject to

Which gives the H representation. The set of incidence vectors for all cliques will form the V representation of the polytope of the maximum clique problem.

An iterative algorithm for the maximum clique problem

This project looks at the greedy algorithm on the graph. This algorithm does not guarantee the maximum clique but it will find a maximal clique. The greedy algorithm starts

with any vertex of the graph. And then adds the first vertex it can while maintaining the set forming a clique. This is repeated until no new vertices can be added. Using the

same graph as above we can start the greedy algorithm with vertex  or at the incidence vector . We then look at vertex  which is connected to

everything currently collected so it is added. We now have the set  or the incidence vector . We then look at vertex  which is connected to

everything currently collected so it is added. We now have the set  or the incidence vector . However now when we look at the rest of the vertices

of the graph none of them are connected to all of the collected vertices and the algorithm then ends. In this example, the algorithm finds a maximal clique of  but recall

this is not the maximum clique of the graph.

[0, 0, 0, 1, 1, 1, 0] G ω(G)
4, 5, 6, 7 [0, 0, 0, 1, 1, 1, 1] ω(G) = 4

max∑v∈V vi

+ ≤ 1, ∀(i, j) ∉ Evi vj

∈ {0, 1}∀ivi

1 [1, 0, 0, 0, 0, 0, 0] 2
1, 2 [1, 1, 0, 0, 0, 0, 0] 3
1, 2, 3 [1, 1, 1, 0, 0, 0, 0]

1, 2, 3
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The greedy algorithm over the polyhedron

We have established that at the general th step in the greedy algorithm results in a clique in the graph, and that the vertices of the polyhedron are the cliques in the graph and

thus at the th step in the greedy algorithm we are at a vertex of the polyhedron. We now want to show that these vertices of the polyhedron are adjacent in the polyhedron.

Before we show this we establish the following notation. Assume we have a graph  with  vertices. Assume the greedy algorithm returns a maximal clique of size , label

this first  vertices in the order they were chosen and the remainder randomly to get the vertices . We will be calling an incidence vector 

where it has the first  components being a 1 and the rest of the components being a 0. In general the th step of the greedy algorithm moves from the collection

 which has incidence vector  to  which has incidence vector .

To show that  and  are adjacent in the polytope we will use the fact that two vertices are adjacent if and only if their midpoint can be uniquely represented as a convex

combination of vertices in the polytope. Note that the midpoint of  and  is  which will give the incidence vector with the first  components being 1,

the  component being  and the rest being 0. This can be represented at the convex combination of the vertices as

. Assume for the sake of contradiction that there is some other convex combination

. Since this is a convex combination we know that  and . We also know that ’s are incidence vectors

and therefore all of their components are all 0 or 1. Since we know that  must be equal to 1 for all of its first i components and that means for each  such that

 the  component of  must be equal to 1. Similarly we know that the  components of the sum must come out to be 0 thus for each  such that

 the  component of  must be equal to 0. Thus of all vertices with non-zero coefficients only the ¬ component can change. Therefore the only

two possible vertices with non-zero coefficients are  and  therefore the combination is the same. 

This now gives us the conclusion that  and  are adjacent vertices in the polytope and therefore  is a circuit direction in the polytope. Since this was done

for an arbitrary step in the greedy algorithm this conclusion holds for each step in the greedy algorithm. Therefore the greedy algorithm a circuit walk in the polytope, and

more specifically an edge walk. Note that the circuit directions for each of these steps will have the form  where the 1 is in the  component.

Therefore the circuits directions walked are sign compatible.

Other circuits of the polytope

While this does give us many circuits in the polytope for the maximal clique problem this is not enough to characterize all circuits in the polytope. To do this we will be using

the LP formulation of the maximal clique problem which is listed below.

subject to

before finding other support minimal circuit directs we first note that there is no  matrix and therefore  and therefore we only need circuit directions to be

support minimal with respect to 

i

i
G n m

m , … , , , … ,v1 vm vm+1 vn wk

k i
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2
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The graph of a small example to

justify other circuits existing

The polytope of the example

graph

Justification of other circuits existing

Before attempting to find and other circuit directions we want to confirm that there are definitively

other circuit directions. Take for example the graph on three vertices  with an edge

between  and  and no other edges as drawn to the left. The 3 dimensional image of the polytope

can be seen in the image to the right. Then the  matrix is

And the circuit directions are

. This clearly has other circuit directions that would not be

traversed by the greedy algorithm.

Proposal of an additional circuit characterization

For an underlying graph  with vertices  with corresponding incidence vectors  where the  component is 1 and the rest are 0. Note  is a

vertex in the polytope since all singleton sets are cliques. Further  is a circuit direction that can be traversed through the greedy algorithm. We propose that there is also a

circuit .

To justify this claim we first look at the support of  with respect to . For any arbitrary row of  we will look at four cases. For each of these cases this arbitrary row

of  will be called .

Case 1: The  and  indices of  are both 1. In this case we would have that  will come out to be

 where the 1 is in the  sum and the -1 is in the  sum.

Case 2: The  and  indices of  are both 0. In this case we would have that  will come out to be

.

Case 3: The  index is 1 and the  index is 0. In this case we would have that  will come out to be

 where the 1 is in the  sum.

Case 4: The  index is 0 and the  index is 1. In this case we would have that  will come out to be

 where the -1 is in the  sum.

Therefor the support of  is all rows of  that are the  or  row of the identity submatrix or that indicate a non-edge  or 

To show that the support is inclusion minimal we will try and remove a support and find that this would mean adding a separate support. If we try to remove a support that

comes from a non-edge . The first was we could remove this support is by removing , if we do that then when we would be looking at the support of  we

now have to add the row of  corresponding to the non-edge  which was not previously a support. The other way we could remove this support is by adding  and

then we would be looking at the support of  however this would add the  row of the identity submatrix of  to the support. The other support we
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could try and remove would be the support from the  row of the identity submatrix of . To would have to again remove , if we do that then when we would be looking

at the support of  we now have to add the row of  corresponding to the non-edge  which was not previously a support.

From this, it looks seems as though this is in fact support minimal and thus it would be a circuit direction.

Further work

The next step in this project would be to further characterize more circuits and work on verifying our next proposal that  where  is a clique in  and  is

disjoint from that clique. Which is a generalization of the previous proposal. It is further hypothesized that there is a further generalization of what is subtracted to give a full

characterization of the circuits but what that generalization might be has not yet been determined.

Github Repository

https://github.com/ANewman94/Circut-Analysis-of-the-Maximum-Clique-Problem

references

Korte, Bernhard, and Jens Vygen. Combinatorial Optimization: Theory and Algorithms. Springer, 2018.

De Simone, Caterina, and Mosca, Raffaele. Stable set and clique polytopes of (P5,gem)-free graphs. Discrete Mathematics, Volume 307, Issue 22,2007,Pages 2661-2670,ISSN

0012-365X, https://doi.org/10.1016/j.disc.2007.01.010.
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Class Scheduling through Linear Programming

by Amber Rosacker

I worked on trying to create a very basic model for class scheduling using linear programming for teachers as my final project for Linear Programming, Fall 2019. The final

presentation slides can be found in the GitHub repository below.

Abstract

Class scheduling is a process that every school goes through every year. They have to determine which teacher, teaches what classes, and at what time with multiple

constraints to take into account. This is a huge undertaking for one individual, and it would be beneficial to have a linear program that could quickly do this process. Currently,

in my school, one administrator sends out a form that asks us to rank our top 5 classes we would like to teach from 1 to 5, 1 being the highest. It also asks us to state which

plan-periods we would like to have, and any other additional things we would like her to take into account when building the schedule. She then takes all this information and

determines the number of sections needed for each class based upon students’ schedules. She then builds a huge board using magnets that assign a teacher to all of their classes

and the corresponding time periods. This process takes her about a semester and is very time-consuming. The goal of my project is to create a very simple teacher scheduling

model that assigns 5 teachers to their 5 classes that must be taught during different times periods. A future goal, with a lot more work and knowledge, would be to make this

project something that could actually be utilized in the schedule-making process in schools.

AMPL Code for Model

Please see my code and data for this problem in the following GitHub repository.

https://github.com/ARosacker/Class-Scheduling-

https://math.ucdenver.edu/~sborgwardt/wiki/index.php/Amber_Rosacker
https://github.com/ARosacker/Class-Scheduling-


This repository includes the original code where a binary decision variable was used, the data file, and another code where linear programming is used for the decision variable

instead of binary. This second code was created to see if the program would still give a solution if the decision variable was no longer binary, and it did.

Solution

Below is the solution when the original program is run with the data file. You will see that each teacher is assigned to 5 classes during different time periods throughout the

day. It also made sure that every class was assigned, so each teacher is teaching a different class at different times.
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I then ran this program as a linear program and not a binary program, and this still assigned the same teacher to the same classes to teach but assigned them to different times

throughout the day. These results can be seen in my presentation slides below.

Extensions

A future goal of this project is to make it an integer program that can actually be utilized in the class scheduling process in schools. In order to make this happen there are

many more constraints that would need to be added to this model. Things to be added:

Create a number of sections for each course (not list out Algebra1a, Algebra1b, etc.)
Extend this to 15 teachers so one department can get a full schedule with the program
Only 3 different types of classes per teacher maximum
Only 4 maximum teachers per type of class (keeps PLCs small)
There needs to be one of each section for each course during different time periods (all Algebra 1’s can’t be 1st period)
Need to have one plan-period (no class) on an even class period, and the second plan-period on an odd class period.
And so many more...
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The author of this project is Drew Horton

Claws and Effect: Finding Strategies to Increase Pet Adoption

From CU Denver Optimization Student Wiki

Abstract

According to the American Society for the Prevention of Cruelty to Animals (ASPCA)

around 6.3 million animals enter shelters each year in the United States, and of those around

920,000 are euthanized. This number has decreased drastically from 2.6 million per year in

2011, and this decline in euthanization can be partially explained by an increase in the

percentage of animals adopted.

At the beginning of the ongoing covid-19 pandemic, shelters were seeing an immense

increase in pet adoption, so much so that some shelters and rescues were empty. While the

pandemic has been disastrous for numerous reasons, it has revealed valuable information on

adoption rates, such as which areas have the most demand for pets. We utilize this

information to help us distribute pets between facilities in such a way to better satisfy this

demand and ensure we are maximizing the amount of pets being placed in permanent

homes. We recommend policy makers consider incorporating this strategy for increasing

adoption through redistribution of pets into the The Pet Animal Care Facilities Act (PACFA)

Program, which is dedicated to protecting the well-being of pet animals in facilities

throughout Colorado.

Links to Code and Slides

The python code, data files, and final slide deck, can be accessed through GitHub here: https://github.com/drewhort/claws_and_effect
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Cleaning Parks for a Safer Future
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The Traveling Salesman Problem (TSP) is one of the most famous integer programming algorithm. The concept is simple, find the quickest/cheapest/shortest path to visit a

certain amount of locations. The solutions become far from simple, especially when the amount of locations increases to larger numbers. We plan to find that solution for a

very specific case. The city of Denver has a large amount of parks in which we could apply TSP algorithms to. Our goal is to set up routes for anyone who wants to, or has to,

clean the parks of Denver.
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Abstract

Parks are a place for communities to come together. In fact, several studies [1] have shown that a clean park can help to reduce the crime of the area in and around the park.

Our goal is to develop routes to clean parks in Denver. We will create these routes by solving a famous integer program called “The Traveling Salesmen Problem.” We plan to

implement Christofides’ algorithm to find a route for city workers and volunteers to visit and clean our parks in a quick, efficient manner. Cleaner parks will lead to safer

neighborhoods around the parks. Park locations and size are pulled from data sets provided on the Data to Policy website. Distances are calculated by using the driving

distances between individual parks.

Data

One of the challenges that our project faced was how to properly gather data. Our entire process revolved around that fact that the distance between parks had to be gathered.

The simple strategy of “as the crow flies” measured the geographical distance between two locations. Although there are several pieces of software that can find these values,

in reality, people use roads to travel from one location to another.
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Distances between two locations as it pertains to traveling by car is called the “taxi cab metric’. Since this is more applicable than the previous strategy of “as the crow flies”

this is the method that we built around our algorithm. The issue with choosing this method is that expensive software is required to find the distance between multiple

locations. Instead, we decided to use a brute force method to find these distances. We decided to use distances rather than driving time because of the variability of Denver

traffic.

There is data available on the Data to Policy website that has the locations of various parks in Colorado. The data was sorted to focus on the 50 largest parks in Denver. Then,

google maps was used iteratively to find the distance between each park in relation to the other 49 parks. This data was then entered into Python in order to solve the Traveling

Salesman Problem. A copy of said data can be found here: https://github.com/toadhkjl/CleanParks/blob/master/Park%20Distance%20IP.xlsm

The Integer Program and its Implementation

We are solving the travelling salesman problem to most efficiently travel between the parks. The integer program of this is shown below:

In this formulation,  represents the driving distance between the two parks in the edge,  represents whether or not we pick the edge, and  are all edges going out of

. This first constraint guarantees that we enter and exit every park. The second constraint guarantees that we don't have any subtours, that is multiple disjoint cycles

rather than a single cycle hitting every vertex. The third constraint is what makes this a binary program, we must either pick an edge between two parks or not.

For exact solutions we used a program called Sagemath. This allowed us to create a complete graph on a specified number of nodes, where the edge weight between two nodes

was the distance between the corresponding parks. Sagemath then has a specific command to solve travelling salesman problems

(G.traveling_salesman_problem(use_edge_labels = True)_. This uses Sagemath's built in mixed integer linear programming solver CPLEX to find the solution. We give an

example of the code below for 5 parks, and include the code for more parks at https://cocalc.com/share/7364b121-f9f1-4d5d-b82b-f837523a8171/finalCode.sagews?

viewer=share in Sagemath's online compiler or at https://github.com/toadhkjl/CleanParks/blob/master/finalCode(1).sagews as a file on Github.

G = graphs.CompleteGraph(5)

   G.set_edge_label(0,1,5.7)

   G.set_edge_label(0,2,4)

   G.set_edge_label(0,3,7.5)

   G.set_edge_label(0,4,8)

min  s.t. ∑
e∈E

cexe

= 2, ∀j ∈ V∑
i∈δ(j)

xi,j

≥ 2, ∀∅ ⊂ S ⊂ V∑
e∈δ(S)

xe

∈ {0, 1}, ∀e ∈ Exe

ce xe δ(S)
S ⊆ V

Typesetting math: 100%

https://github.com/toadhkjl/CleanParks/blob/master/Park%20Distance%20IP.xlsm
https://cocalc.com/share/7364b121-f9f1-4d5d-b82b-f837523a8171/finalCode.sagews?viewer=share
https://cocalc.com/share/7364b121-f9f1-4d5d-b82b-f837523a8171/finalCode.sagews?viewer=share
https://github.com/toadhkjl/CleanParks/blob/master/finalCode(1).sagews


   G.set_edge_label(1,2,7)

   G.set_edge_label(1,3,3.2)

   G.set_edge_label(1,4,6.4)

   G.set_edge_label(2,3,9.5)

   G.set_edge_label(2,5,3.1)

   G.set_edge_label(3,4,8.8)

TSP = G.traveling_salesman_problem(use_edge_labels = True)

TSP.show() 

We also did approximations using Christofides' algorithm. This C++ code was taken from Github https://github.com/sth144/christofides-algorithm-cpp. The code only ran for

integer coordinates, so we used these rather than driving times for the approximations. In particular we used the latitudes and longitudes multiplied by the appropriate power of

10. This however caused overflow when calculating distances, so the code had to be changed to take long integers, rather than regular integers. We include our slightly

modified code on Github at https://github.com/toadhkjl/CleanParks/blob/master/christofides-algorithm-cpp-master(1).zip which also includes the data files needed to run the

code with the coordinates of each park. We give an overview of how Christofides' algorithm works in the following section.

Christofides' Algorithm

Christofides' algorithm is a way of find a good tour of a graph when we are in a metric space. In particular it guarantees that the tour it generates is within 1.5 of the best tour

created by the travelling salesman problem. Note that our formulation, with driving distances, having a metric is an good assumption. There's a non-zero driving distance as

long as two parks aren't the same, driving distances are symmetric, and the triangle inequality should hold, that is if we wish to get from park a to c this is just as long as going

from a to park b and b to c. Now, assume that we have a complete graph G with weighted edges. The algorithm then takes the following steps

1.) Calculate a minimum spanning tree, T, of G.

2.) Find a minimum perfect matching on the odd degree vertices in T.

3.) Find an Eulerian tour of the resulting (possibly non-simple) graph with the edges of T and the perfect matching.

4.) If we repeat a vertex, say the tour goes from u to v to w, but v has already been reached in the Eulerian tour, simply skip v and go from u to w.

We know that there are an even number of odd degree vertices in T as a degree sum of any graph is even (two times the number of edges), which means that a perfect matching

actually exists. After this perfect matching has been found and combined with T, we have added one to the degree of each odd degree vertex, and changed no degrees of even

vertices. This means that every vertex in the graph no has even degree so an Eulerian tour can be found. Step 4 is where the fact that we have a metric comes into play. In

particular, the fact that the the triangle inequality holds makes sure that this skipping of vertices can only decrease the total weight.

This algorithm can run in polynomial times. Assume that we have n vertices. Step 1 can run in , using Prim's algorithm [2] . Step 2 can run in  using an

algorithm by Micali and Vazirani [3]. Step 3 can be done in  using Hierholzer's algorithm [4]. Finally step 4 can be done in  as there are at most a linear number

of repetitions. Thus the entire algorithm can be done in  time.

O( log n)n2
O( )n

5

2

O( )n2 O(n)

O( )n
5

2
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Figure 1: Shortest Path 9

Parks

Figure 2: Shortest Path 19

Parks

We now provide a proof that this algorithm produces a tour within 3/2 the length of the best tour, call this best value c. To do this, note that each iteration of step 4 does not

increase the total weight because of the triangle inequality. Therefore we prove that all Eulerian circuits created have weight at most 3/2 c. Now, if we remove a single edge

from the best tour, we get a tree, say T'. Now as T is minimum we know that the cost of T' is at least the cost of T. Say that the vertices of the shortest path are (in the order

they appear in the path) . Now assume that we wish to find some perfect matching on the vertices  where . Then

consider two matchings,  and ,  and , and so on, as well as  and ,  and  and so on. Then by the triangle inequality we know that if we sum these two

matchings it is less than or equal to c. Therefore we know that one matching is at most size c/2. Therefore we have an upper bound of the Eulerian circuit of 3c/2 and therefore

on the tour created.

Results

We ran the exact algorithm up to 30 parks. Due to the exponential nature of the problem, and how long the program took to run on 30 parks,

we used this as our cut off for the number of parks for the exact algorithm. We were using a relatively slow server for Sagemath, so this could

in theory be expanded to possibly to even 50 parks if we were to run the code on a better computer. We did however run Christofides'

algorithm for all 50 parks. This is a relatively fast algorithm, so the 50 parks ran almost instantly. It seems like any reasonable number of

parks could be run through this algorithm to get an approximation for the travelling salesman problem, due to short running time for 50 parks.

Christofides' algorithm could also be automated significantly more easily than actually solving the travelling salesman problem. This is

because our implementation uses the latitudes and longitudes which are included in the data set. This way we don't even have to find the

driving times for the parks, which was time consuming and would require expensive software. If the software was purchased to automatically

find the distances, this could still be used in Christofides' algorithm, and could provide an even better estimation of the best solution.

We summarize our results in the following table for multiples of 5 parks using both Christofides' algorithm and Sagemath for the true

solution, as well as the result from Christofides' algorithm for 50 parks.

Number of Parks True Solution (Miles) Christofides' Approximation (Miles) Ratio

5 24.3 24.3 1.00

10 38.3 43.4 1.13

15 60.9 69.3 1.14

20 65.1 76.7 1.18

25 71.8 72.8 1.01

30 77.4 86.7 1.12

50 N/A 103.4 N/A

We were at most 1.14 of the best tour, far below the theoretical limit of 1.5. Interestingly many of these tours were off from the best tour by a simple switch in the tour of some

parks, or a permutation of a few sets of a small number of parks. It would be interesting to use a heuristic on the tours created by Christofides' algorithm to test some

permutations of the parks to see if that could improve our bound. This would, in theory, improve our results, getting us closer to the exact value.

, , … ,v1 v2 vn , , … ,vi1
vi2

vin < < ⋯ <i1 i2 i2k

i1 i2 i3 i4 i2k i1 i2 i3
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Figure 3: Shortest Path 24
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Poster and Powerpoint Presentation

The poster that was presented at the Data 2 Policy symposium can be found here:

https://github.com/toadhkjl/CleanParks/blob/master/Park%20Poster%20Rev(1).pdf. A copy of the powerpoint used for our final presentation

can be found here: https://github.com/toadhkjl/CleanParks/blob/master/Final%20Integer%20Program%20PPTN.pptx

Possible Future Improvements

One possible improvement would be to allow subtours within the program. With the length of the tours for even 10 parks, it does not make

sense for a singular crew to visit all of these parks. With subtours we could break up the parks into different sections so that different crews,

or the same crew over multiple days, could visit a reasonable number of park, to give them a proper cleaning. This could particularly come into play with volunteer groups. It

would allow us to split up the groups to most efficiently clean the parks.
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This project is a collaborative effort between Alexander Semyonov, Orlando Gonzalez and Jacob Dunham. The project was to be completed as an assignment for Steffen Borgwardt's

Linear Programming class at the University of Colorado Denver. Our project was presented at The University of Colorado Denver's Fall 2023 Data to Policy symposium, winning best in

data. Each contributor's page is linked above.

Abstract

In this project we will attempt to find an optimal clustering of the neighborhoods of Denver into a given number of groups based on various features of the neighborhoods. Specific

features of interest include: average rent, average income, acres of park per 100 residents, percentage of population that spend more than 30% on rent, total jobs, and total housing units.

Each neighborhood will be represented as a vector of these neighborhood features and we will utilize the K-Means algorithm to find an approximate optimal clustering. Additionally, we

will formulate a linear program to solve this clustering problem and compare the clusterings generated by each method. Once we have identified a satisfactory clustering of

neighborhoods, we will analyze the characteristics and policies of neighborhoods in the same clusters in order to find commonalities. We can then determine the needs of certain groups of

neighborhoods relative to other groups. If there are large discrepancies between groups in certain categories we can make policy recommendations targeted to those specific

neighborhoods which are disproportionately in need of resources. We will also do an analysis of policies in place for clusters of neighborhoods which are considered to have fair access to

many desirable resources, and determine if similar policies may work for clusters of neighborhoods which have less access to these resources. With this clustering method, we can more

easily compare and contrast policies that do and do not work for groups of neighborhoods, and in turn make more targeted policy suggestions.

GitHub

Link to project GitHub: https://github.com/asems99/Clustering-Neighborhoods-to-Identify-Policy-Needs-Policy-Needs/tree/main
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The GitHub contains the full Python code for the constrained K Means mode (this file is called LP Neighborhood Project Code), there is also a PDF of this file which displays all of the

code and plots. Additionally, the GitHub contains the AMPL model formulation code (the file is named Model Formulation. mod) as well as all of the data used in the model, the

presentation slides for the linear programming course, and the results of the model. If anyone should have any questions about the project, please contact any one of the collaborators,

whose contact information can be found on their personal wiki pages.

A Brief Discussion of the Constrained K Means Algorithm

The algorithm we developed to try and find an optimal constrained clustering functions very similarly to the standard K Means algorithm (sometimes called Lloyd's algorithm) in the

sense that it alternates between an assignment step and a cluster center update step. In order to use our algorithm, the specific number of clusters must be known beforehand and the cluster

centers are initialized via the standard K Means algorithm (the hope is that this would help prevent particularly problematic initializations). During the assignment step of the algorithm,

we use our current cluster centers (or our initialized clusters for first iteration) to assign the neighborhoods to the cluster whose center it is closest to by solving the following Linear

Program (note: c_ij is given by the 2-Norm distance between neighborhood i and cluster center j):



The LP that is solved during the "Assignment" step of our algorithm
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geographic results

Upon solving this LP, we find our clustering of neighborhoods and now want to update these centers, we do this by computing the centroid of each cluster which is simply the arithmetic

mean of all points in the clusters. These centroids become our new cluster centers and we now recompute our costs (2-Norm distance between neighborhoods and new cluster centers) and

return back to the assignment step. We alternate between these two steps until our objective function in the LP formulation above stops decreasing (which typically occurs after 3 or 4

iterations for this specific data).

This algorithm was created using Jupyter and AMPLPy and the .ipynb code (alongside a PDF preview of this code )file can be found using the GitHub link provided above.

Results

After running our constrained Kmeans algorithm we were able to develop clusters of alike neighborhoods within Denver. We then mapped the neighborhoods on GIS software in order to

develop a geographic representation of our final results. From these results we can determine geographically targeted policies to improve neighborhood clusters.
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