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Applied Linear Algebra Ph.D. Preliminary Exam
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Name:

Exam Rules:

e This is a closed book exam. Once the exam begins, you have 4 hours to do your
best. Submit as many solutions as you can. All solutions will be graded and your
final grade will be based on your six best solutions.

e Each problem is worth 20 points.

e Justify your solutions: cite theorems that you use, provide counter-examples
for disproof, give explanations, and show calculations for numerical problems.

e If you are asked to prove a theorem, do not merely quote that theorem as your
proof; instead, produce an independent proof.

e Begin each solution on a new page and use additional paper, if necessary.
e Write only on one side of paper.
e Write legibly using a dark pencil or pen.

e Ask the proctor if you have any questions.

| Good luck! |
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1. Let V' be a real inner product space with inner product (.,.), and suppose that
T € L(V) is a linear operator T': V' — V. Define what an adjoint of T' is and show
that if T" has an adjoint, then this adjoint is unique.

Solution

Let T € £(V). An adjoint of T is a linear operator T* € L(V') such that

VeeVVyeV, (Tz,y) = (z,T"y).

Claim: The adjoint is unique, if it exists.
Proof: Let A € L(V) be an adjoint of T" and let B € L(V') be an adjoint of T', then

VyeVVaeV, (Tzy) = (z,Ay) and (Tz,y) = (z, By),

so that
VyeVVzeV, (z Ay)= (z,By),

using the bilinearity of the inner product,
VyEV,V:I:GV, (a:,Ay—By>:0,

so that
VyeV, (Ay—By) LV,

but the only vector in V= is 0, so
VyeV, Ay— By=0,

so that
VyeV, Ay= By,
so that
A= B.

Note: The adjoint always exists in finite dimensional inner product spaces. The
existence is not necessarily true in infinite dimensional inner product spaces.



2. We consider M,,(R) the vector space of all n—by-n matrices with real coeffi-
cients and supplement it with the inner product (X,Y) — trace(X7Y). Let
A € M,(R), and

X — ATXA

Show that o4 € L(M,,(R)) and compute the adjoint of v 4.
Solution
We have, VA € R,Vu € R,VX € M,(R),VY € My(R),

PAMX+uY) = ATAX+uY)A = MATXA)+u(ATY A) = Apa(X)+pupa(Y).
So pa € LM, (R)).
Let X € M, (R) and let Y € M, (R),
(pa(X),Y) = trace ((pa(X))TY)

= trace ((ATXA)TY)
= trace (ATXTAY) ,
we now use the fact that, { VA € M, (R),VB € M,,(R), trace(AB) = trace(BA)}
= trace (X TAYAT)
= trace (XT(AYAT))
= trace (XT(goAT (Y)))
= (X,0a7(Y))

So
(pa)" = par.



(a) Let A be a real symmetric n—by—n matrix. Prove that A is positive definite,
i.e., 2T Az > 0 for all x € R™\ {0}, if and only if all the eigenvalues of A are

positive.
2 0 0
(b) Let A= 0 3 —1 |. PutV =R3. Define the map * : V x V — R by
0 -1 3

wx v =ul Av for all u,v € V. Prove that * is an inner product on V.

(c) Use the inner product from above and the Gram-Schmidt orthogonalization
process to find an orthonormal basis for V.

Solution

(a) Let A be a real symmetric matrix. We recall that, by definition, A is positive
definite if and only Vo € R™"\{0}, 27 Az > 0. We also recall that a symmetric
matrix is diagonalizable in an orthonormal basis with real eigenvalues, so, for
our matrix A, there exists A a diagonal n—by—n matrix with real coefficients
and V a unitary matrix such that A = VAV,

Let A be positive definite. Let A; be an eigenvalue of A and v; a unit-norm
eigenvector associated to A;, (so that v,L»Tvi = 1 and Av; = v;)\;,) then since
A is positive definite, we have viT Av; > 0 which means A\; > 0. We have
proven that if A is positive definite then all eigenvalues of A are positive.
(Alternatively, this direction can be proven by contradiction because otherwise
vl Av; = \ivFv; = Ai||lvi]|? < 0 and A was not positive definite.)

Let all eigenvalues of A be positive. Let z € R™\{0}. We have 27 Az =
2TVAVTz = (VI2)TA(VTz) =30 \i(VT2)? > 0. So A is positive definite.

(b) A is symmetric, moreover the eigenvalues of A are 2 and 4 and so are positive,
using the previous question, we deduce that A is symmetric positive definite.
We check that * satisfies the properties of an inner product on V.

i xxy=yxux,

. (\z)*xy = ANz *y),

. (x4y)*xz=(r*x2)+ (y*z),

iv. x xx > 0 with equality only for z = 0.

(i) comes from the symmetry of A, (ii) and (iii) comes from the linearity of
A, (iv) comes from the positive definiteness of A.

(c) We take the elementary basis and use the Gram-Schmidt process on it to
obtain on orthonormal basis for V. We obtain

V2/2
0

0

0 0
= V3/3 ), = V6/12
0 V6/4

q1 =



4. Let M, (R) be the vector space of all n x n matrices with real coefficients, and
A € M, (R) be diagonalizable. We have a nonsingular matrix W and a diagonal
matrix A, such that A = WAW 1. Define

0 -4
=04 1)

Prove that B is diagonalizable and give the diagonalization of B (i.e. the 2m
eigencouples of B).
(Hint: one can first consider the m = 1 case where A = 1.)

=4 )

pM(x):det(< _326 3__:1 >):x2—3x+2:(x—1)(az—2).

Solution
Let

We have

Since M has two distinct eigenvalues, Ay = 1 and Ay = 2, M is diagonalizable.

Then we look for the eigenvectors of M, we find (for example)

we( 1) wa (1)
(10

we obtain the following diagonalization for M

=8 3) == () (004 )

Extending this relation to blocks, one can check that

B 0 -A\ _ I 1 A 0 2 1
o\ 24 34 ) \ -1 -—-2I 0 24 -1 -1 )
Using the fact that A is diagonalizable, there exists a nonsingular matrix W and
a diagonal matrix A, such that A = WAW 1. So

(0 )- () DG (2 D)

If we call



which gives the diagonalization of B
B 0 -4\ _ w w
24 34 ) \ -W 2w

One can check that

) (0

oW1



5. Let V be a vector space over the real numbers R. Let Uy, Uy, U3 be subspaces of
V.

(a) Prove that U; C Us implies that Uy + (Uy N Usz) = (Uy + Uz) N Uz (modular
law).

(b) Give examples to show that none of the following distributive laws holds,
in general. U; N (UQ + Ug) = (Ul N UQ) + (Ul N Ug) and U + (UQ N Ug) =
(U1 + UQ) N (Ul + Ug)

Solution

(a) Let U1 g U3.
One the one hand, we have that U; + (U; N Us) C Uy + Us, on the other,
Ui + (UQ N Ug) C Us, so that

Ur+ (U2NUs) C (Uy + Uz) N Us.

Now let z € (U; + Uy) N Us, then there exists z; € U; and z2 € Uy such that
z=121+2280 29 =2— 2z € Us, s0 z9 € UyNUs. Therefore z € Uy + (UyNUs)
and so

(U +Uz)NUs C UL + (U N US3).

We conclude that
(Ul + Ug) NUs=U; + (UQ N Ug).
(b) Uy N (Us+ Us) = (Up NUz2) 4+ (U NUs) does not hold in general. Consider

U :Span(< . >), Us :Span(< (1) >), and U :Span(< ) >).
o (Us+Us) =R, Uy (Uy+Us) = Span(< } >), but
@i ={( o ). @ ={( o )b @nvins = g )

U+ (U NUs) = (Up + Uz) N (Uy + Us) does not hold in general. Consider

again

U, :Span(< . >), Us :Span(< . >), and U :Span(< ! >).
Then

(Us NT;) = {( 8 )}, Ur + (Us N Us) _span(< X )), but

(Ui +Us) =R2, (U1 +Us) =R%,  (Uy +Us) N (U, + Us) = R



6. Let (u1,ug,...,un) be an orthonormal basis for subspace W # {0} of the vector
space V' = R" (under the standard inner product), let U be the n—by—m matrix
defined by U = [uy,ug,..., U], and let P be the n—by—n matrix defined by P =
Uu”T.

(a) Prove that if v is any given member of V', then among all the vectors w in W,
the one which minimizes ||[v — w|| is given by w = (v ® uy)u; + (v ® ug)ug +
...+ (v ® Uy, )uy, where v @ is the standard inner product. (The vector w is
called the projection of v onto W.)

(b) Prove: For any vector v € V, the projection w of v onto W is given by w = Puv.

(c) Prove: P is a projection matrix. (Recall that a matrix P € M, (R) is called
a projection matriz if and only if P is symmetric (P7 = P) and idempotent
(P? = P)).

(d) If V = R3, and W = Span([(1,2,2)T,(1,0,1)T], find the projection matrix P
described above and use it to find the projection of (2,2,2)7 onto W.

Solution

(a) First it is clear that w € W. Note as well that v —w L W since for all z € W,
(v—wezx)=((v—(veu)us —...— (Veuy)uy),T)
=(v,2) — (veuy)(ui,z) — ... — (v e upy)(Um,x) =0.

The last equality comes from the fact that sincex € W, z = (zouj)us +...+
(T ® Uy, ) Uy
Now consider z € W. We define

lo =] = [I(v—w)+ (w—a)

= o= wl+2(0 —w) o (w - 2) + [l — 3]
Since v —w L W and w—x € W, we have that (v—w) e (w—x) = 0, so that
lo—z]* = [lv—w|?+ |w— |
We see that the minimum for ||v — z|| is ||[v — w||? and is realized when z = w.
(b)

w = (veupus+ (veu)ug+ ...+ (Ve Up)un
= wy(ufv) +us(udv) + ...+ up(ulv)
= (wud +ugud + ... 4 upul)v
= UUTv = Po.

(c) First, PT = (UUT)T = UUT = P, second, P?> = (UUT)? = U(UTU)UT =
UUT = P where we have used the fact that UTU = TI.



(d) An orthogonal basis for W is for example

1/3 2/3
(ul,ug) (( 2/3 ) s ( —2/3 ))
2/3 1/3

( 5/9 —2/9 4/9 )
P=vuut=1| —-2/9 8/9 2/9 |.
4/9  2/9 5/9

14/9
w=Pr=| 16/9 |.
()

We get

Finally



7. Let V be a real inner product space with inner product (.,.)y and let W be a real
inner product space with inner product (., .)w such that dim V' = dim W = n < oc.
Show that there exists a bijective linear mapping f : V' — W so that (x,y)y =

(f(@), f(y))w for all z,y € V.

Solution
Let {v1,...,v,} be an orthonormal basis of V and let {wy, ..., wy} be an orthonor-
mal basis of W. We define the linear mapping f : V — W so that

Vizl,...,n, f(vz):wz

We note that f is correctly and uniquely defined and is bijective.

Claim: f conserves the scalar product (from V' to W).

Let x € V, let y € V, then we can decompose x and y onto the orthonormal basis
{v1,...,v,} as follows:

n n
=Y wvi{v,2)y and y=> vi{v;,y)v. (1)
i=1 j=1
We form the inner product (z,y)y and get

(z,y)vy = <Z vivi, @)v, Y0 (vj, y)v)v.

j=

Using the bilinearity of the inner product (.,.)y

= ZZ<Ui7x>V<vian>V<”jay>V7

i=1 j=1
Using the orthonormality of {v1,...,v,}, we get

n

= Yo,

=1

Therefore we have
n

<$,y>v :Z<Ui7m>v<vi7y>‘/7 (2)
i=1
Back to Equation (1), Applying f and using the linearity of f, we get:

n

fl@) =" fw)vi,z)y and f(y) =D F;){v;,y)v.
j=1

=1



And using the definition of f, we get

n

f@) = wilvi,z)y and  fly) = w;lvj,y)v.

i=1 j=1

We now form the inner product (f(z), f(y))w and get
(@), fy)hw = <z": wi(vi, T)v, zn:wj<vjay>v>w-
=1 =1
Using the bilinearity of the inner product (., .)w
= ii(viww(wiawﬁw(%y>v,
i=1 j=1

Using the orthonormality of {w1,...,w,}, we get

n

= Z(vi,a))v@iay)‘/v

i=1

Using Equation (2), we conclude that

(f (@), f)w = (z,y)v



8. Let n a natural integer, M,,(C) be the vector space of all n x n matrices with
complex coefficients, and A = (a;;);; € My (C). Show that

Spectrum(A) C U {B/ (a,-,-, Z ]aijo },
i=1 1<j<n
i#
where we define for any a € C and any r € [0, +00), B'(a,r) by

B'(a,r)={z€C,|z—a| <r}.

The B’ (aii, do1<i<n, j#i \aij\) are called the Gershgorin circles of A.
Solution

Let A € Spectrum(A) and consider an associated eigenvector z € R™. (So that
x # 0 and Ax = z\.) We write the equality Az = 2\ row by row and get

n
Vizl,...,n, E aijxj:xi)\.
J=1

Consider iy such that
|ziy| = max | ;]

=1,...,

(Note that |z;,| # 0 since = # 0.) Then we get:

|Zio (A = @igig)] = | Z a’iojxj|’
1<j<n
J# o

<Y laigg] gl

1<j<n
J # io

> aigl | i)

1<j<n
J # o

IN

Since |z;,| # 0,

A = @igig| < Z ‘aioj’

1<j<n
J # 1o

)‘E{B/ Qigig» Z ‘aioj’ }
1<j<n
J # o




So

NeUL (B [ ai, > lagl |}

1 n

[SHVAN
SRV

J
#

Since A was an arbitrary eigenvalue

Spectrum(A) C U {B’ | as, Z ;]

1 n

< A
= IA

J
#



