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Name:

Exam Rules:

e This exam is being administered remotely using Zoom. During the exam, you
must be logged in to the assigned Zoom meeting with your your camera on, and
you must be visible in the camera. Your microphone can be muted, but please
leave Zoom audio ON so that the proctor can speak to you if needed.

e If you have any questions during the exam, please contact the exam proctor using
the zoom chat, or call the proctor at the number given below.

Committee Member Contact Information:

Name Phone email Proctoring times
Julien Langou julien.langou@ucdenver.edu

Yaning Liu yaning.liu@Qucdenver.edu

Jan Mandel XXX-XXX-XxXX | jan.mandel@ucdenver.edu 10:00am-2:00pm

e If you need to be out of view of the camera for any reason (bathroom breaks, etc.),
please let the proctor know by posting a message on the zoom chat.

e If you would like to work with a paper copy of the exam, please print it as soon
as you receive it and inform the proctor that you are doing so before the exam
begins. If the printer is in another room, let the proctor know.

e You may read the exam as soon as you receive it, but you may not start writing
(even your name) until authorized to start writing.

e This is a closed book exam. You may not use any external aids during the exam,
such as:

— communicating with anyone other than the exam proctor (through text mes-
sages or emails, for example);

— consulting the internet, textbooks, notes, solutions of previous exams, etc;
— using calculators or mathematical software.
e You may use a tablet PC (such as an iPad or Microsoft Surface) to write your
solutions. Alternatively, you can write your solutions on paper.

e Please begin each problem on a new page, and write the problem number and page
number at the top of each page. (For example, 6-1, 6-2, 6-3 for pages 1, 2 and 3 of
problem 6). If you are writing on paper, write only on one side of the paper.

e The exam will end 4 hours after it begins. At the conclusion of the exam, please
email a copy of your solutions to the exam proctor. Do not leave until the proctor
acknowledges that your solutions have been successfully received.



— Your solutions need to be in a single .pdf file with the pages in the correct
order. The .pdf file needs to be of good enough quality for easy grading.

— If you cannot create a good quality .pdf file quickly, you may instead submit
an imperfect scan, or even pictures of your exam, and then take more time to
prepare and submit a good quality .pdf version. We will grade the better ver-
sion but use the first submission to check that nothing was added or changed
between versions.

— Do not submit your scratch work.

e There are 8 total problems. Do all 4 problems in the first part (problems 1 to
4), and pick two problems in the second part (problems 5 to 8). Do not submit
more than two solved problems from the second part. If you do, only the first two
attempted problems will be graded. Each problem is worth 20 points.

e Do not submit multiple alternative solutions to any problem; if you do, only the
first solution will be graded.

e Justify your solutions: cite theorems that you use, provide counter-examples
for disproof, give explanations, and show calculations for numerical problems.

e If you are asked to prove a theorem, do not merely quote that theorem as your
proof; instead, produce an independent proof.

e Notation: Throughout the exam, R and C denote the sets of real and complex
numbers, respectively. [F denotes either R or C. F™ and F™"™ are the vector spaces
of n-tuples and n x n matrices, respectively, over the field F. L£(V) denotes the
set of linear operators on the vector space V. T™ is the adjoint of the operator T
and \* is the complex conjugate of the scalar A. In an inner product space V, U=+
denotes the orthogonal complement of the subspace U.

e If you are confused or stuck on a problem, either ask a question or move on to
another problem.

Problem | Points ‘ Score ‘ ‘ Problem ‘ Points ‘ Score ‘
1. 20 5. 20
2. 20 6. 20
3. 20 7. 20
4 20 8. 20
\ | | Total | 120 | |

Applied Linear Algebra Preliminary Exam Committee:
Julien Langou, Yaning Liu (Chair), Jan Mandel



Before starting the exam, please sign and date the following honor statement.

Honor statement: I attest that I will not cheat and will not attempt to cheat. I attest
that I will not communicate with anyone while taking the exam, I will not look at notes,
textbooks, previous solutions of exams, cheat sheets, etc. I attest that I will not go on
the web to find solutions. If I in some way receive information during the exam that
might help with the exam, I will let the proctor know.




Part I. Work all of problems 1 through 4.

Problem 1. Let A be an m X n matrix over a field F. Prove the following statements:

nullA = {0} if and only if the columns of A are linearly independent.

If the columns of A are linearly independent, are the rows of A necessarily linearly
independent?

If m < n, then nullA # {0}.

If A= BC, where B is m x m and C is m x n, and if B is nonsingular, then
nullA = nullC.

Let A* be the conjugate transpose of A. Then null(A*A) = nullA.

Solution

(a)

Let A = [a1,a2,...,ay], where a; € F™ is the ith column of A. Then nullA = {0}
if and only if Az = 0 has the unique solution & = 0, i.e.,

ciar +ca2 + - +czan =0
ifand only if ¢y =co=---=¢, =0

If the columns of A are linearly independent, then m > n. If m > n, then the rows
of A are linearly dependent. If m = n, then the rows of A are linearly independent.

If the columns of A are linearly independent, then the rows of A are not necessarily
linearly independent. For example, the matrix

1
1
have linearly dependent rows and linearly independent columns.

If Az = 0, then rankA < m < n. So by the rank-nullity theorem, we have
dimnullA = n — rankA4 > 0.

If Ax = 0, then BCx = 0. If B is invertible, then B~'BCx = Cx = 0. So
nullA C nullC. On the other hand, if Cx = 0, BCx = Az = 0, so nullC C nullA.
So nullA = nullC.



(e) If Az = 0, then A*Ax = 0. So nullA C null(A*A). Since rank(A*A) = rankA,
we have dimnullA = dimnull(A*A), by the rank-nullity theorem. It follows that
null4 = null(A*A).

Another solution: Let & € nullA. Then Ax = 0, it follows that A*Ax = 0,
so € null(A*A). Now suppose that € null(A*A), thus A*Ax = 0. Then
0=a*A"Azx = (Azx)*(Ax) thus Az = 0. So x € nullA.

Problem 2. Let V, W be finite dimensional real inner product spacesandlet T : V — W
be a linear map. Fix w € W. Show that the elements v € V for which the Euclidean
norm ||7v — w|| is minimal are exactly the solutions to the equation T*Tv = T*w.

Solution Note that rangeT is a subspace of W. For any w € W, let w = w1 + w4 be
the orthogonal project of w onto rangeT, i.e., w1 € rangeT and wy € (rangeT)*. So
the minimizers of ||Tv — w|| are those v € V such that Tv = w;. Now we show that
these satisfy the normal equation.

Suppose v € V is such that Tv = w;. Then we = w — w; = w — T'v is orthogonal to
rangeT'. So for all x € V, it follows that

Tz, Tv—w)=0= (z,T"(Tv —w)) =0

So T*(Tv — w) is orthogonal to V' and thus 7*(Tv — w) = 0 and so T*Tv = T"w.
Conversely, let T*Tv = T*w. It suffices to show Twv = w;. Consider

(Tv —wy,Tv —wy) = (Tv —wi, Tv — (w— ws))

Tv — wy, (Tv — w) + wa)

Tv,Tv — w) + (Tv,ws) — (w1, Tv — w) — (wy,ws)
v, T"(Tv —w)) + (Tv,wz) — (w1, Tv — w) — (Wi, ws)

= —(wy,Tv —w)

=
=
=
=

Note that w; € rangeT, so w; = Tx for some x € V. So previous equation can be
rewritten as

(Tv — w1, Tv —w;) = —Tx,Tv—w)=—(x, T (v—w)) =0

So we have ||Tv — w;|| = 0 and thus Tv = w;. So v is a minimizer of ||Tv — w]|.

Another solution For h € V, define

F(h)=||[T(v+h)—w|?=(T(v+h)—wT(v+h)—w).



Then, ||Tv — w|| is minimal if and only if the minimum of F(h) is attained at h = 0.
By collecting the terms with h and using the definition of T,

F(h)

(Th,Th) + 2(Th,Tv — w) + c¢(v, w)
(Th,Th) + 2(h,T*Tv — T*w) + ¢(v, w),

where ¢(v, w) does not depend on h.

If T*Tv — T*w = 0, then F(h) = (Th,Th) + ¢(v,w) > ¢(v,w) = F(0), for any h, so
the minimum of F'(h) is attained at h = 0.

If T*Tv — T*w # 0, define hy = thy, hg = T"Tv — T*w, t € R, and f(t) = F(thy).
Then, f(t) = t*(Thg, Thy) + 2t(ho, ho) + c¢(v,w). Then, the derivative

F(0)=2(T"Tv — T*w, T*Tv — T*w))0

so for some ¢(0, we have f(¢)(0 and thus F(thg) = f(t)(0 = F(0), and F(h) does not
have minimum at h = 0.

Problem 3.

For each of the following 4 statements, give either a counterexample or a reason why it
is true.

1. For every real matrix A there is a real matrix B with B~'AB diagonal.
2. For every symmetric real matrix A there is a real matrix B with B~'AB diagonal.
3. For every complex matrix A there is a complex matrix B with B~'AB diagonal.

4. For every symmetric complex matrix A there is a complex matrix B with B~'AB
diagonal.

Solution

1. False. Not all real matrices are diagonalizable. For example

01
0 0
is not diagonalizable (in real arithmetic).

2. True. Per real spectral theorem, a symmetric real matrix is diagonalizable with
real eigenvalues and real eigenvectors.



3. False. Not all complex matrices are diagonalizable. For example

01
0 0
is not diagonalizable (in complex arithmetic).

4. False. Not all symmetric complex matrices are diagonalizable. For example

= 4)

is symmetric and is not diagonalizable (in complex arithmetic). Why is A not
diagonalizable? Its trace is zero, and its determinant is zero. So the characteristic
polynomial is A2. So 0 is the only eigenvalue of A. The only 2x2 diagonalizable
matrix that has zero as its only eigenvalue is the 2x2 zero matrix. Clearly A is not
the zero matrix, so A is not diagonalizable.

Note: Complex selfadjoint matrices are diagonalizable. But for a complex matrix,
being selfadjoint and symmetric are not the same.

Problem 4. Suppose T' € £(V) and (T' — 2I)(T — 31)(T — 4I) = 0. Suppose A is an
eigenvalue of T'. Prove that A=2or A =3 or A = 4.

Solution Since (T'—2I)(T — 31)(T —4I) = 0, the operator (7' —2I)(T — 3I)(T — 41)
is not injective. Since the composition of injective maps is injective, at least one of the
operators T' — 2I, T — 31, T — 41 is not injective, thus A = 2 or A = 3 or A = 4 is
eigenvalue of T'.

Another solution. Denote p (z) = (2 —2) (2 — 3) (2 — 4). Since p(T') = 0, the minimal
polynomial ¢ of T divides p. Since eigenvalues of T" are zeros of the minimal polynomial,
the monomial z — A divides the minimal polynomial ¢, which divides the polynomial p,
thus z — A\ divides p (2), so z — A is one of the factors z — 2, z — 3, or z — 4.

Quoting and applying the spectral mapping theorem is also acceptable.




Part II. Work two of problems 5 through 8.

Problem 5. Consider vectors in C" as columns, i.e. matrices of size n by 1. Then for
two vectors u, v, the product uv* is an n by n matrix. It is called a “rank-one matrix”
when v and v are both nonzero.

(a) Suppose that A = A* € C™". Show that A is a linear combination of rank-one
matrices upuy, k = 1,...,n, where uy,...,u, is an orthonormal basis of C".

(b) Suppose that A € C™". Show that A is a linear combination of rank-one matrices
of the form fpe;, k=1,...,n, where eq,...,e, and fy,..., f, are orthonormal bases.

Solution (a) Since A = A*, C" has a basis consisting of orthonormal eigenvectors
U, ..., U, of A,
Aui = )\iui

Let v € C". Then v has the expansion

and
n

Av = Z (v,u;) \u; = il/\ui (v,u;) = i/\uiu;‘v = (il Aumf) v.

i=1

Since v € C" was arbirtrary,
i=1
(b) The SVD of the linear operator T' (x) = Ax is (Axler theorem 7.51)
T (v)=s1(v,e1) f1+- - +sn(vien)f,

where s > 0, and ey, ..., e, and f,,,... f, are orthonormal bases. Let v € C". Writing
the inner product in C" as (v,u) = u*v, we have for each k =1,...,n,

sk (v, ex) fr = sk (ejv) fr = sk frepv

thus

Av =) " spfrer = (Z Skfke;;> v,

k=1 k=1



and since v was arbitrary,

A= Z skfk.ez.

k=1

Problem 6. Let A be a real 3 x 3 symmetric matrix, whose eigenvalues are A1, Ay and
A3. Prove the following:

(a) If the trace of A, trA, is not an eigenvalue of A, then (A1+A2)(A2a+A3)(A1+A3) # 0

(b) If (A1 + A2)(A2 + A3)(A1 + A3) # 0, then the map T : S — S is an isomorphism,
where S is the space of 3 x 3 real skew-symmetric matrices (if W7 = —W, then W
is called skew-symmetric) and T'(W) = AW + W A.

Solution

(a) Since A is symmetric, A must be similar to a diagonal matrix diag(\1, A2, A3).
We also have trA = A\; + A2 + A\3. The characteristic polynomial of A is p(\) =
(A= A1)(A = A2)(A — A3). If tr(A) is not an eigenvalue of A, p(trA) # 0, which
means ()\1 + /\2)()\2 + )\3)(/\1 + )\3) 7& 0.

(b) Since T is an operator on S, it suffices to show that T is injective. Let T (W) =0
where WT = —W. Then AW = —W A. So now we want to show W = 0.

Let {a1,az, a3} be the ordered basis of R? with respect to which the representation
of A is diag(A1, A2, A\3). We will now show Wa; = 0, for i = 1,2,3, and hence
W =0.

Using the standard inner product in R?, we obtain, for i = 1,2, 3,
<WCLZ',CLZ'> = (ai,WTa,-> = —(ai,Wai) = —<Wai,a,;>

So Wai 1L a;.
For i # j,

(AWCL,‘, aj> = —<WACLZ‘, aj> = (Aai, Waj> = )\i(ai, Waj>
and

<AWai, aj) = <Wai, Aaj>

= <Wai,)\jaj) = Aj<Wai,aj) = —)\j<ai, Waj>

So we have \;j(a;, Wa;) = —\j(a;, Wa;), i.e. (A + Xj){a;, Wa;) = 0. From (b)
we know A; + Aj # 0, so we conclude Wa; L aj, for i # j. So W = 0.



Problem 7. Note: A similar problem was given in the UC Berkeley prelim,
Spring 2021 as Problem 6A.

1. Let A be an n-by-n real matrix such that all entries not on the diagonal are positive,
and the sum of the entries in each row is negative.

Calling C; the j-th column of A, we perform the sequence of column operations:

a2
CQ — 02—701
ail

a13
Cg — 03—701
a1l

a
Cp + Cp——"01.
ari
So starting from A, we compute A’ with this sequence of operation.

Note that a1; # 0, so dividing by a1; makes sense. Also note that this sequence of
column operations introduces 0 in the first row of A for all non diagonal elements.

So we have
all 0 0 e 0
o ) oD oW
A = asy a%) a%) .. agl)
o ()

apl Gy Qs --. Gun



Where

second column

(1) a2
Goy = A22 —  —0A21

ail

(1) a2
Q39 = Q32 — —0A31

aii

(1) a12
Gpo = An2 — —0Anl

aii
third column

(1) a3
Qo3 = A23 — —021

ail

(1) ais
azz3 = a33 — —0a31

ail

(1) . ais
G,3 = an3 — —0nl

aii

and so on

In short for 2 < ¢ <n and 2 < j < n, we have
(1) _ aiy

a;." = Q;5 — —— ;1.
15 J ai

Let us call AM the (n — 1)-by-(n — 1) matrix
SR )

A4 — agy Ggzz ... dgy
aly ang . amd

Prove that AW is an (n — 1)-by-(n — 1) real matrix such that all entries not on the
diagonal are positive, and the sum of the entries in each row is negative.

2. Let A be an n-by-n real matrix such that all entries not on the diagonal are positive,
and the sum of the entries in each row is negative. Show that the determinant of
A is nonzero.

(Note: you can prove the second by assuming the first.)

Solution We will do a proof by induction with induction hypothesis

induction hypothesis All n-by-n matrix A with the property “all entries not on the
diagonal are positive, and the sum of the entries in each row is negative,” have a
nonzero determinant.




For n = 1, the induction hypothesis is true since if A = (a;11) and “the sum of the entries
in each row is negative”, then a;; < 0, and so det(A) = a1 < 0 and det(A) is nonzero.

Now let us assume the induction hypothesis true at step n — 1, and prove that it is true
at step n.

Let A be an n-by-n real matrix such that all entries not on the diagonal are positive, and
the sum of the entries in each row is negative. We want to prove that the determinant
of A is nonzero.

Our induction hypothesis is that we will assume that the statement “for all (n — 1)-by-
(n — 1) real matrix B such that all entries not on the diagonal are positive, and the sum
of the entries in each row is negative, then the determinant of B is nonzero” is true.

Let’s use the following notations

aip a2 a3 ... Qain
az; a2 a3 ... Qan
A= a3r as2 a3z ... 0asp
apl Aap2 Aap3 ... Qpn

Since “all entries not on the diagonal are positive, and the sum of the entries in each
row is negative”, we have a1; < 0 and

—ai11 > a2 +a13+ ...+ +ain.

In particular ai; is nonzero.

Calling Cj; the j-th column of A. We perform the sequence of column operations:

02 — 02—701
ai1

03 < 03—@01
aii

a
C, + C,——20.
ai

So starting from A, we compute A’ with this sequence of operation.

Note that a1 # 0, so dividing by a1; makes sense. Also note that all these operations
conserve the determinant. So det(A) = det(A’). Also note that this sequence of column



operations introduces 0 in the first row of A for all non diagonal elements. So we have

ail 0 0 .o 0

a1 a(212) a%) . a;l)
A = asy az%) a%) .. agl)

an al) al . al)

where

second column

(1) a2
Qoy = Q22 — a21

ail

(1) a2
a3y = Q32 — —031

ail

(1) a2
Qpo = 0ap2 — an1

ail
third column

(1) . ais
Qo3 = Q23 — — 021

ail

(1) o ais
gz = a3z — —as1

ail

1 ais
Qps = Gp3 — anl

ail

and so on

In short for 2 < i <n and 2 < j < n, we have

(1) a1y
aij = Q45 — ;1.
ai

Let us call A the (n — 1)-by-(n — 1) matrix

1 1 1
a%% a% a%
A — [ 92 %3 G
R R €1

We will prove below that A®) has the property “all entries not on the diagonal are
positive, and the sum of the entries in each row is negative.”

Let us assume for now that A1) has the property “all entries not on the diagonal are
positive, and the sum of the entries in each row is negative.” Since AM) is (n — 1)-by-
(n — 1) matrix with the property “all entries not on the diagonal are positive, and the



sum of the entries in each row is negative.” By induction we know that the determinant
of A is nonzero.

Now we understand that (by expanding the determinant with the first row of A’, and
since det(A) = det(A"))

det(A) = a1y x det(AW).
Since aj; and det(A™M) are nonzero, we conclude that

the determinant of A is nonzero.

And that concludes our proof.

Now it remains to prove that A has the property “all entries not on the diagonal are
positive, and the sum of the entries in each row is negative.”

Firstly, let us prove that
all off-diagonal elements of A1) are positive.
Indeed let ¢ be such that 2 < ¢ < n and j such that 2 < j < n, with ¢ # j. Then

1. a;1 is not a diagonal element of A, (since i # 1,) so a;1 > 0;
2. ay; is not a diagonal element of A, (since j # 1,) so aj; > 0;

3. a1 is a diagonal element of A, so a1 < 0;

so that aL;
——=a;1 >0
ail
so that " a1
A;;° = Qij — ——aj1 > Qjj.

a1

Now, a;; is not a diagonal element of A, (since i # j,) so a;; > 0. Since a;; > 0, and

e

i > Qij, We have

agjl-) > 0.

Secondly, let us prove that

the sum of the entries in each row of A() is negative.



Indeed let ¢ be such that 2 <4 <n. Then since the sum of the entries in each row of A
is negative, for the first row we get
a1 +as+ai3+...+a1, <0

ai1
ail

Multiplying by —#&  (which is a positive number,) we get

ail ai ail ail
——an ———ai2— —a3+...— —apyp <0
an an an an

Since the sum of the entries in each row of A is negative, for the i-th row we get

a1 + a2 + a3+ ...+ ap <0

Adding the two last equations together gives

a1

a;1 a;1
(a1 — *011) + (a2 — iam) + (aiz — ia13) +...+ (am — 7a1n) <0
a1l ail aii

11
which gives

L, @

Qo —|—ai3 —|—...+a(1)

mn

<0

We see that the sum of the entries in row i — 1 of A1) is negative. Since i was arbritrary
between 2 and n, this proves the result.

Comment:

1. It is clear that we can prove that the sign of the determinant alternate. If n is
odd, A is negative. If n is even, A is positive. The question only asked to prove
nonzero, so we just proved nonzero.

2. The proof is somewhat related to the fact that LU with partial pivoting does not
pivot for diagonally dominant matrices.

Problem 8.

Note: A similar problem was given in the UC Berkeley prelim, Fall 2020 as
Problem 6B.

Let n be an integer.

We consider the inner product space, P,, of the polynomials of degree at most n with
the inner product

<P.Q>= /1 P)Q(t)dt.
0



(Where P(t) and Q(t) are two polynomials of degree at most n.)

We consider { Py, P1, Py, ..., P,} an orthonormal basis of P, (orthonormal with respect
to the aforementioned inner product), and so we note that we have

1

Let H be the (n+ 1) x (n+ 1) Hilbert matrix. H is defined such that its elements are
1 . .
hij:/ tzt]dt, ng,jgn
0

(Note that indexing starts at 0.)

We define the (n + 1) x (n + 1) matrix P made of the coefficients of the orthonormal
basis {Py, P1, Py, ..., Py} in the basis {1,¢,¢%,...,¢t"}. So P is such that p;; is the j-th
coefficient of P;(t) so that

Pi(t) =) pyt!, 0<i<n.
=0

(Note that, with our notation, P is a matrix, and P; is a polynomial, and p;; is a
coefficient of P; and of P.)

Show that H=1 = PTp .

Solution Let ¢ be such that 0 < i <n and j such that 0 < 57 < n; we have
entry (i,j) of I = 6;;
1

= Bi(t) Py (t)dt

pirt") (Z pjt")dt

k=0 =

Dik (Z it tktldt> ) )
(5

(pm entry (k,j) of HPT))

1 n

Il
c\o
—~

-1

k

I
M:

ol
[e=]

= entry (i,j) of PHPT



So that
I=PHPT

Since [ is invertible, so are P, H and PT and applying P~! and (P~ !)T = P~7 gives
pilp T =@

Inverting both sides gives
H'=p'P

Couple comments:

1. The setting of this problem is with P,, and the inner product the (P, Q) = fol P(t)Q(t)dt.
The Hilbert matrix happens to be here because one should note that the Hilbert
matrix is the matrix of the inner products of the (non-orthonormal) basis {1,¢,2,...,t"}.
And our problem is set in the (non-orthonormal) basis {1,¢,¢2,... t"}.

For any polynomials, say P(t) and Q(t), if you write them as vectors, say x and y,
in the basis {1,¢,#2,...,t"}, and you want to compute the inner product (P, Q) =
fol P(t)Q(t)dt, you can do
(P,Q)=a"H y.
So the problem is essentially asking to redemonstrate this property.
2. If one take, for i = 0 to n, P;(t) to be the Legendre polynomial of degree i. The

Legendre polynomials are defined as follows. We consider the inner product space,
Pn, of the polynomial of degree at most n with the inner product

<P.Q>= / PO,
0

(Where P(t) and Q(t) are two polynomials of degree at most n.) Then we perform
Gram-Schmidt algorithm on the basis {1,z,22,...,2"} to obtain the Legendre
polynomials {Py, P1, P», ..., P,}. The Legendre polynomial form an orthonormal
basis of P,,. But we also have the fact that

Span(1) = Span(Fp)
Span(1, ) = Span(Py, Pi)
Span(1, z,z%) = Span(Py, Py, P) (1)

If then, we denote p;; the j-th coefficient of the Legendre polynomial of degree 4
so that

7
Pi(t) =) pyt!, 0<i<n.
j=0



We note that, thanks to Equation , P is upper triangular. (And this is why
the sum in the equation above stops early at ¢ and does not have to go all the
way n.) Therefore, in this problem, proving that H~' = PT P is proving that “the
Cholesky factor of the inverse of the Hilbert matrix is the matrix with coefficients
same as the coefficients of the Legendre polynomials.”




